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Ââåäåíèå

Ïîñîáèå ñîäåðæèò îñíîâíûå îïðåäåëåíèÿ, âûâîä äèôôåðåíöèàëüíûõ
óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, ïîñòàíîâêè íà÷àëüíî-êðàåâûõ çàäà÷
è çàäà÷ Êîøè, ìåòîäû èõ ðåøåíèÿ äëÿ îñíîâíûõ òèïîâ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, èçó÷àåìûõ â êóðñå "Óðàâíåíèÿ
ìàòåìàòè÷åñêîé ôèçèêè."Èñïîëüçóþòñÿ ïîíÿòèÿ êëàññè÷åñêîãî è îáîá-
ùåííîãî ðåøåíèé. Óñòàíîâëåíû àïðèîðíûå îöåíêè äëÿ óðàâíåíèé ïàðà-
áîëè÷åñêîãî òèïà â êëàññàõ íåïðåðûâíûõ ôóíêöèé � òåîðåìû ïðèíöèïà
ìàêñèìóìà.

Ïî êàæäîé òåìå ïðèâåäåíû çàäà÷è è óïðàæíåíèÿ äëÿ ðàáîòû íà ñå-
ìèíàðñêèõ çàíÿòèÿõ è äîìà. Ê çàäà÷àì è óïðàæíåíèÿì äàíû îòâåòû.
Äëÿ áîëüøèíñòâà òåì ïðèâåäåíû çàäàíèÿ ïîâûøåííîé ñëîæíîñòè äëÿ
ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ.

Ïðåäíàçíà÷åíî äëÿ ñòóäåíòîâ, îáó÷àþùèõñÿ ïî ñïåöèàëüíîñòÿì è
íàïðàâëåíèÿì: "Ìàòåìàòèêà "Ìàòåìàòèêà. Êîìïüþòåðíûå íàóêè "Ïðè-
êëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà "Ôèçèêà".
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1. Ïðèâåäåíèå ëèíåéíûõ óðàâíåíèé âòîðîãî ïîðÿä-
êà ê êàíîíè÷åñêîìó âèäó (îáùèé ñëó÷àé)

Çàìå÷àíèå. Âñþäó íèæå Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Em

ñ êóñî÷íî-ãëàäêîé ãðàíèöåé.

Ðàññìîòðèì óðàâíåíèå

m∑
i,j=1

aij(x)
∂2u

∂xi∂xj
+ Φ(x, u,∇u) = 0, (1.1)

ãäå u = u(x), x = (x1, x2, . . . , xm), x ∈ Ω, Ω ⊂ Em. Åñëè ôóíêöèÿ
Φ(x, u,∇u) ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îòíîñèòåëüíî àðãóìåíòîâ u è
∇u, òî óðàâíåíèå (1.1) íàçûâàåòñÿ ëèíåéíûì. Â ïðîòèâíîì ñëó÷àå óðàâ-
íåíèå (1.1) � êâàçèëèíåéíîå óðàâíåíèå.

Äàëåå ñ÷èòàåì, ÷òî ôóíêöèÿ Φ(x, u,∇u) � ëèíåéíàÿ ôóíêöèÿ îòíîñè-
òåëüíî àðãóìåíòîâ u è ∇.

Ðàññìîòðèì êîýôôèöèåíòû óðàâíåíèÿ (1.1) â òî÷êå M0(x
0
1, x

0
2,

. . . , x0
m). Ââåäåì âìåñòî xs, s = 1,m íîâûå íåçàâèñèìûå ïåðåìåííûå ξk,

k = 1,m ïðè ïîìîùè íåâûðîæäåííîãî ëèíåéíîãî ïðåîáðàçîâàíèÿ

ξk = ck1x1 + · · ·+ ckmxm, k = 1,m.

Ïðîèçâîäíûå ïî ñòàðûì ïåðåìåííûì ñâÿçàíû ñ ïðîèçâîäíûìè ïî íîâûì
ïåðåìåííûì ôîðìóëàìè

uxi =
m∑
s=1

csiuξs, uxixk =
m∑

s,l=1

csiclkuξsξl, i, k = 1,m.

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â (1.1), ïîëó÷èì óðàâíåíèå

m∑
i,j=1

a′ijuξiξk + Φ̃(ξ, u,∇u) = 0,

ãäå êîýôôèöèåíòû a′ij âûðàæàþòñÿ ÷åðåç ñòàðûå ñîãëàñíî ôîðìóëàì

a′ik =
m∑

s,l=1

cisckla
0
kl, i, k = 1,m. (1.2)

Çäåñü a0
kl � êîýôôèöèåíòû akl(x) â òî÷êå M0.
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Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

Q =
m∑

i,k=1

a0
ikpipk. (1.3)

Âìåñòî ïåðåìåííûõ {pi} ââåäåì íîâûå ïåðåìåííûå {qi} ïðè ïîìîùè ìàò-
ðèöû, òðàíñïîíèðîâàííîé ïî îòíîøåíèþ ê ìàòðèöå ‖cik‖, ò.å ïîëîæèì

pk = c1kq1 + · · ·+ cmkqm, k = 1,m.

Ïðè ýòîì ïðåîáðàçîâàííàÿ êâàäðàòè÷íàÿ ôîðìà (1.3) áóäåò èìåòü êàê
ðàç êîýôôèöèåíòû a′ik, îïðåäåëÿåìûå ôîðìóëîé (1.2), ò.å.

m∑
i,k=1

a0
ikpipk =

m∑
i,k=1

a′ikqiqk.

Èçâåñòíî, ÷òî âûáîðîì ñîîòâåòñòâóþùåãî ëèíåéíîãî ïðåîáðàçîâàíèÿ p =
Bq ìîæíî ïðèâåñòè êâàäðàòè÷íóþ ôîðìó (1.3) ê êàíîíè÷åñêîìó âèäó

Q =
m∑
i=1

λiq
2
i , ãäå λi ∈ {−1, 0, 1}.

Òîãäà óðàâíåíèå (1.1) çàìåíîé ξ = BTx ïðèâîäèòñÿ ê êàíîíè÷åñêîìó
âèäó

m∑
i=1

λi
∂2u

∂ξ2
i

+ Φ̃(ξ, u,∇u) = 0.

Íàçîâåì óðàâíåíèå (1.1) â òî÷êåM0 óðàâíåíèåì ýëëèïòè÷åñêîãî òèïà,
åñëè âñå m êîýôôèöèåíòîâ λi îäíîãî çíàêà; ãèïåðáîëè÷åñêîãî òèïà, åñëè
m−1 êîýôôèöèåíò λi èìåeò îäèíàêîâûé çíàê, à îäèí êîýôôèöèåíò ïðî-
òèâîïîëîæåí èì ïî çíàêó; óëüòðàãèïåðáîëè÷åñêîãî òèïà, åñëè ñðåäè λi
èìååòñÿ l êîýôôèöèåíòîâ îäíîãî çíàêà è m− l ïðîòèâîïîëîæíîãî çíàêà
(l,m − l > 1); ïàðàáîëè÷åñêîãî, åñëè òîëüêî îäèí èç êîýôôèöèåíòîâ λi
ðàâåí íóëþ, à îñòàëüíûå èìåþò îäèíàêîâûé çíàê.

Çàìåòèì, ÷òî åñëè aij = const, i, j = 1,m, òî òèï óðàâíåíèÿ ñîõðàíÿ-
åòñÿ âî âñåé îáëàñòè.

Ïðèìåð 1.1. Ïðèâåäÿ ê êàíîíè÷åñêîìó âèäó óðàâíåíèå uxy + uxz +
uyz + uz = 0, îïðåäåëèòü òèï. Âûïèñàòü çàìåíó ïåðåìåííûõ, ïðèâîäÿ-
ùóþ óðàâíåíèå ê êàíîíè÷åñêîìó âèäó.
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Ðåøåíèå. Ïîñòàâèì â ñîîòâåòñòâèå óðàâíåíèþ êâàäðàòè÷íóþ ôîðìó

Q = p1p2 + p1p3 + p2p3.

Ïðèâåäåì êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó âèäó, íàïðèìåð, ìå-
òîäîì âûäåëåíèÿ ïîëíîãî êâàäðàòà. Ñäåëàåì çàìåíó

p1 = l1 + l2, p2 = l1 − l2, p3 = l3.

Òîãäà êâàäðàòè÷íàÿ ôîðìà ïðåîáðàçóåòñÿ ê âèäó

Q = l21 − l22 + 2l1l3 = (l1 + l3)
2 − l22 − l23 = q2

1 − q2
2 − q2

3,

ãäå q1 = l1 + l3, q2 = l2, q3 = l3.
Âûðàçèì ñòàðûå ïåðåìåííûå ÷åðåç íîâûå

p = Bq, ãäåB =

 1 1 −1
1 −1 −1
0 0 1

 .

Òîãäà çàìåíà ïåðåìåííûõ, ïðèâîäÿùàÿ èñõîäíîå óðàâíåíèå ê êàíîíè÷å-
ñêîìó âèäó, áóäåò òàêîâà: ξ = BTx, ãäå x = (x, y, z), òî åñòü

ξ1 = x+ y, ξ2 = x− y, ξ3 = −x− y + z.

Êàíîíè÷åñêèé âèä: uξ1ξ1 − uξ2ξ2 − uξ3ξ3 + uξ3 = 0.
Òèï óðàâíåíèÿ � ãèïåðáîëè÷åñêèé.

Çàäà÷è è óïðàæíåíèÿ

Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ

1.1. uxx + 2uxy − 2uxz + 2uyy + 6uzz = 0.
1.2. 4uxx − 4uxy − 2uyz + uy + uz = 0.
1.3. uxy − uxz + ux + uy − uz = 0.
1.4. uxx + 2uxy − 2uxz + 2uyy + 2uzz = 0.
1.5. uxx + 2uxy − 4uxz − 6uyz − uzz = 0.
1.6. uxx + 2uxy + 2uyy + 2uyz + 2uyt + 2uzz + 3utt = 0.
1.7. uxy − uxt + uzz − 2uzt + 2utt = 0.
1.8. uxy + uxz + uxt + uzt = 0.
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1.9. uxx + 2uxy − 2uxz − 4uyz + 2uyt + uzz = 0.
1.10. uxx + 2uxz − 2uxt + uyy + 2uyz + 2uyt + 2uzz + 2utt = 0.
1.11. uxx + 2uxy + 2uyy + 4uyz + 5uzz = 0.
1.12. uxx − 4uxy + 2uxz + 4uyy + uzz + 3ux = 0.
1.13. uxy + uxz + uyz − ux + uy = 0.
1.14. 3uyy − 2uxy − 2uyz + 4u = 0.
1.15. uxx + 4uyy + uzz + 4uxy + 2uxz + 4uyz + 2u = 0.
1.16. uxx + 4uyy + 9uzz + 4uxy + 6uxz + 12uyz − 2ux − 4uy = 0.
1.17. uxx + 4uyy − 3uzz + 4uxy + 2uxz + 2uyz = 0.
1.18. uxx − 3uyy + uzz + 2uxy + 4uxz − 4uyz = 0.
1.19. uxx − 3uzz − 2uxy + 2uxz − 6uyz = 0.
1.20. uxy + uxz + uxt + uyz + uyt + 2uzt = 0.

2. Ïðèâåäåíèå ëèíåéíûõ óðàâíåíèé âòîðîãî ïîðÿä-
êà ê êàíîíè÷åñêîìó âèäó (ñëó÷àé äâóõ ïåðåìåííûõ)

Â îáëàñòè Ω ⊂ E2 ðàññìîòðèì êâàçèëèíåéíîå óðàâíåíèå âòîðîãî ïî-
ðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

a(x, y)
∂2u

∂x2 + 2b(x, y)
∂2u

∂x∂y
+ c(x, y)

∂2u

∂y2 + Φ

(
x, y, u,

∂u

∂x
,
∂u

∂y

)
= 0,

ãäå a(x, y) ∈ C(Ω) 1 , b(x, y) ∈ C(Ω), c(x, y) ∈ C(Ω), u(x, y) ∈ C2(Ω).
Óðàâíåíèå ïðèíàäëåæèò:

1) ãèïåðáîëè÷åñêîìó òèïó, åñëè b2 − ac > 0,
2) ïàðàáîëè÷åñêîìó òèïó, åñëè b2 − ac = 0,
3) ýëëèïòè÷åñêîìó òèïó, åñëè b2 − ac < 0.
Óðàâíåíèå

a(dy)2 − 2b dx dy + c(dx)2 = 0

íàçûâàåòñÿ óðàâíåíèåì õàðàêòåðèñòèê, à åãî ïåðâûå èíòåãðàëû

ϕ1(x, y) = c1, ϕ2(x, y) = c2

1C(Ω) = {f(x)|f(x) - íåïðåðûâíàÿ ôóíêöèÿ íà Ω}.
Ck(Ω) = {f(x)|Dαf(x) ∈ C(Ω) ∀α, |α| ≤ k}. Dαf(x) = ∂|α|f(x1,x2,...,xm)

∂x
α1
1 ∂x

α2
2 ...∂xαmm

, α = (α1, α2, ..., αm) � ìóëü-

òèèíäåêñ (öåëî÷èñëåííûé âåêòîð), |α| = α1 + α2 + ...+ αm.
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� õàðàêòåðèñòè÷åñêèìè êðèâûìè èëè ïðîñòî õàðàêòåðèñòèêàìè èñõîä-
íîãî óðàâíåíèÿ. Â ñëó÷àå ãèïåðáîëè÷åñêîãî óðàâíåíèÿ èìååì äâà ñåìåé-
ñòâà äåéñòâèòåëüíûõ õàðàêòåðèñòèê. Â ñëó÷àå ïàðàáîëè÷åñêîãî óðàâíå-
íèÿ òîëüêî îäíî ñåìåéñòâî äåéñòâèòåëüíûõ õàðàêòåðèñòèê è, ñîîòâåò-
ñòâåííî, îäíî ðåøåíèå (ϕ1(x, y) = c1). Â ñëó÷àå ýëëèïòè÷åñêîãî óðàâ-
íåíèÿ äåéñòâèòåëüíûõ õàðàêòåðèñòèê íåò, õàðàêòåðèñòè÷åñêîå óðàâíå-
íèå èìååò êîìïëåêñíîçíà÷íîå ðåøåíèå (ψ1(x, y) + iψ2(x, y) = c1). Ìîæíî
íàéòè òàêîå ðåøåíèå óðàâíåíèÿ, ÷òîáû ôóíêöèè ϕ1(x, y), ϕ2(x, y) áûëè
äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûìè [1].

Çàìåíîé ïåðåìåííûõ

ξ = ϕ1(x, y), η = ϕ2(x, y)

óðàâíåíèå ãèïåðáîëè÷åñêîãî òèïà ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó2

∂2u

∂ξ∂η
+ Φ1

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
= 0. (∗)

Ïðèìåíèâ åùå îäíó çàìåíó ïåðåìåííûõ ξ = α+ β, η = α− β, ïîëó÷èì
äðóãîé êàíîíè÷åñêèé âèä ãèïåðáîëè÷åñêîãî óðàâíåíèÿ:

∂2u

∂α2 −
∂2u

∂β2 + Φ2

(
α, β, u,

∂u

∂α
,
∂u

∂β

)
= 0.

Çàìåíîé ïåðåìåííûõ

ξ = ϕ1(x, y), η = ϕ2(x, y),

ãäå ϕ2(x, y) � ïðîèçâîëüíàÿ ôóíêöèÿ, òàêàÿ, ÷òî ÿêîáèàí ïðåîáðàçîâà-
íèÿ ∂(ξ,η)

∂(x,y) 6= 0, óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà ïðèâîäèòñÿ ê êàíîíè÷å-
ñêîìó âèäó

∂2u

∂ξ2 + Φ

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
= 0.

Çàìåíîé ïåðåìåííûõ

ξ = ψ1(x, y), η = ψ2(x, y)

óðàâíåíèå ýëëèïòè÷åñêîãî òèïà ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó

∂2u

∂ξ2 +
∂2u

∂η2 + Φ

(
ξ, η, u,

∂u

∂ξ
,
∂u

∂η

)
= 0.

2Âèä (*) ãèïåðáîëè÷åñêîãî óðàâíåíèÿ òàêæå íàçûâàþò êàíîíè÷åñêèì.
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Ïðèìåð 2.1. Óðàâíåíèå

3uxx − 4uxy + uyy − 3ux + uy = 0

ïðèâåñòè ê êàíîíè÷åñêîìó âèäó è íàéòè åãî îáùåå ðåøåíèå.

Ðåøåíèå. Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

3(dy)2 + 4dxdy + (dx)2 = 0.

Ðåøàÿ îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ y′ = −1
3 è y′ = −1,

ïîëó÷èì x+ 3y = c1 è x+ y = c2. Ïåðåéäåì ê íîâûì ïåðåìåííûì

ξ = x+ 3y, η = x+ y.

Íàõîäèì ux = uη + uξ, uy = uη + 3uξ, uxx = uηη + 2uξη + uξξ, uxy =
uηη + 4uξη + 3uξξ, uyy = uηη + 6uξη + 9uξξ. Â íîâûõ ïåðåìåííûõ óðàâíåíèå
ïðèìåò âèä

uξη +
1

2
uη = 0.

Ââåäåì íîâóþ ôóíêöèþ v = ue
ξ
2 , òîãäà îòíîñèòåëüíî íîâîé ôóíêöèè

ïîëó÷èì óðàâíåíèå
vξη = 0.

Åãî ðåøåíèå v(ξ, η) = f(η) + g(ξ), èëè

u(ξ, η) = f(η)e−
ξ
2 + g̃(ξ),

ãäå g̃(ξ) = g(ξ)e−
ξ
2 . Âîçâðàùàÿñü ê ïåðåìåííûì (x, y), ïîëó÷àåì

u(x, y) = f(x+ y)e−
x+3y

2 + g̃(x+ 3y).

Ïðèìåð 2.2. Íàéòè ðåøåíèå óðàâíåíèÿ

3uxx − 4uxy + uyy − 3ux + uy = 0,

óäîâëåòâîðÿþùåå óñëîâèÿì

u|y=0 = 0, uy|y=0 = 1.
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Ðåøåíèå. ×òîáû íàéòè ðåøåíèå çàäà÷è Êîøè, çàïèøåì îáùåå ðå-
øåíèå äàííîãî óðàâíåíèÿ, ïîëó÷åííîå â ïðåäûäóùåì ïðèìåðå: u(x, y) =
f(x+y)e−

x+3y
2 +g̃(x+3y). Ïîäñòàâëÿÿ çàäàííûå óñëîâèÿ â îáùåå ðåøåíèå,

ïîëó÷èì: {
f(x)e−

x
2 + g̃(x) = 0,

f ′(x)e−
x
2 − 3

2f(x)e−
x
2 + 3g̃′(x) = 1.

Äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå ñèñòåìû, ïîëó÷èì, ÷òî{
f ′(x)e−

x
2 − 1

2f(x)e−
x
2 + g̃′(x) = 0,

f ′(x)e−
x
2 − 3

2f(x)e−
x
2 + 3g̃′(x) = 1.

Óìíîæèì ïåðâîå óðàâíåíèå ïîñëåäíåé ñèñòåìû íà 3 è âû÷òåì ðåçóëüòàò
óìíîæåíèÿ èç âòîðîãî óðàâíåíèÿ. Ïîëó÷èì óðàâíåíèå

−2f ′(x)e−
x
2 = 1.

Îáùåå ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ èìååò âèä f(x) = −ex2 + C. Òîãäà
g̃(x) = 1 − e−

x
2 . Ïîäñòàâëÿÿ ýòè ôóíêöèè â íàéäåííîå îáùåå ðåøåíèå,

ïîëó÷èì u(x, y) = e
x+y

2 e−
x+3y

2 + Ce−
x+3y

2 + 1− Ce−x+3y
2 = 1− e−y.

Çàäà÷è è óïðàæíåíèÿ

2.1. Äîêàçàòü, ÷òî óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

uxy + aux + buy + cu = 0

çàìåíîé u(x, y) = v(x, y)e−bx−ay ïðèâîäèòñÿ ê âèäó vxy + (c− ab)v = 0.
2.2. Äîêàçàòü, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ uxy = F (x, y), ãäå F ∈
C(|x− x0| < a, |y − y0| < b), èìååò âèä

u(x, y) = f(x) + g(y) +

x∫
x0

y∫
y0

F (ξ, η)dηdξ,

ãäå f è g � ïðîèçâîëüíûå ôóíêöèè êëàññà C2.
2.3. Äîêàçàòü, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ uxy + A(x, y)ux = 0, ãäå
A(x, y) ∈ C1(|x− x0| < a, |y − y0| < b), èìååò âèä

u(x, y) = f(y) +

x∫
x0

g(ξ)exp

−
y∫

y0

A(ξ, η)dη

 dξ,
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ãäå f è g � ïðîèçâîëüíûå ôóíêöèè êëàññîâ C2, C1 ñîîòâåòñòâåííî.

Îïðåäåëèòü òèï óðàâíåíèé è ïðèâåñòè èõ ê êàíîíè÷åñêîìó
âèäó

2.4. xuxx − uyy + 1
2ux = 0.

2.5. xuxy − yuyy − uy = 0.
2.6. x2uxx − y2uyy − 2yuy = 0.
2.7. x2uxx − 2xyuxy − 3y2uyy = 0.
2.8. yuxx + x(2y − 1)uxy − 2x2uyy = 0.
2.9. y2uxx + 2xyuxy + x2uyy = 0.
2.10. uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0.
2.11. tg2xuxx − 2ytgxuxy + y2uyy + tg3xux = 0.
2.12. 4y2uxx − e2xuyy = 0.
2.13. y2uxx + x2uyy = 0.
2.14. y2uxx − x2uyy = 0.

Íàéòè ðåøåíèÿ çàäà÷è Êîøè

2.15. 3uxx − 4uxy + uyy − 3ux + uy = 0, u|y=0 = 0, uy|y=0 = 1.
2.16. 2uxx − 5uxy + 3uyy = 0, u|x=0 = 0, ux|x=0 = y.

2.17. uxx + 2uxy − 3uyy = 0, u|y=0 = 3x2, uy|y=0 = 0.
2.18. uxx − 6uxy + 5uyy = 0, u|y=x = sinx, uy|y=x = cosx.
2.19. uxx − 4uxy + 4uyy = 0, u|x=0 = y, ux|x=0 = 1.
2.20. uxx − 2uxy + 4ey = 0, u|x=0 = 0, ux|x=0 = y.
2.21. 4y2uxx + 2(1− y2)uxy − uyy − 2y

1+y2 (2ux − uy) = 0,
u|y=0 = x, uy|y=0 = 1.

2.22. uxx + 2 cosxuxy − sin2 xuyy − sinxuy = 0,
u|y=sinx = x+ cosx, uy|y=sinx = sinx.

2.23. eyuxy − uyy + uy = 0, u|y=0 = −x2

2 , uy|y=0 = − sinx.
2.24. uxx − 2 sinxuxy − (3 + cos2 x)uyy − cosxuy = 0,

u|y=cosx = sinx, uy|y=cosx = ex

2 .
2.25. uxx + 2 cosxuxy − sin2 xuyy + ux + (1 + cosx− sinx)uy = 0,

u|y=sinx = cosx, uy|y=sinx = sinx.
2.26. uxx − 2 sinxuxy − (3 + cos2 x)uyy + (2− sinx− cosx)uy = 0,

u|y=cosx = 0, uy|y=cosx = e−x
2/2 cosx.

2.27. xuxx − 2x2uxy + x3uyy − ux = 0,
u|
y=x2

2

= 0, uy|y=x2

2

= x2.
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2.28. uxx − 2uxy + uyy − ey = 0, u|x=0 = 1, ux|x=0 = 0.
2.29. uxx + 2(1 + 2x)uxy + 4x(1 + x)uyy + 2uy = 0,

u|x=0 = 1, ux|x=0 = 1.
2.30. x2uxx − 2xyuxy − 3y2uyy = 0, u|x=1 = y, ux|x=1 = 0.
2.31. tg2xuxx − 2ytgxuxy + y2uyy + tg3xux + 2tgxux = 0,

u|y=1 = 0, uy|y=1 = sinx.
2.32. uxx − 2 sinxuxy − cos2 xuyy − cosxuy = 0,

u|y=cosx = x2, uy|y=cosx = x.
2.33. uxx − 2 cosxuxy − (3 + sin2 x)uyy − sinxuy = 0,

u|y=− sinx = x2, uy|y=− sinx = x.
2.34. sin4 xuxx − 2y sin2 xuxy + y2uyy + 2 cosx sin3 xux + yuy = 0,

u|y=1 = ctgx, uy|y=1 = −1.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.

2.35.∗ Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå

ux1x1
+ 2

m∑
k=1

uxkxk − 2
m−1∑
k=1

uxkxk+1
= 0.

Íàéòè õàðàêòåðèñòèêè è îïðåäåëèòü òèï ñèñòåìû [1]

2.36.∗
{

2ut + (2t− 1)ux − (2t+ 1)vx = 0,
2vt − (2t+ 1)ux + (2t− 1)vx = 0.

2.37.∗
{

2ux − vx + uy − 2u = 0,
3ux + 3vx − 5uy + vy = 0.

2.38.∗
{
xuxx + 2xvxx − uyy − 2vyy = 0,
uxx − vxx − 2uxy + 2vxy + uyy − vyy = 0.

2.39.∗
{
uxx − 2vxy − uyy = 0,
vxx + 2uxy − vyy = 0.

3. Âûâîä óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè

3.1. Óðàâíåíèå êîëåáàíèÿ ñòðóíû

Ðàññìîòðèì íàòÿíóòóþ ñòðóíó, çàêðåïëåííóþ íà êîíöàõ.Ïîä ñòðóíîé
áóäåì ïîíèìàòü òîíêóþ íèòü,êîòîðàÿ íå îêàçûâàåò íèêàêîãî ñîïðî-
òèâëåíèÿ èçìåíåíèþ åå ôîðìû, íå ñâÿçàííîìó ñ èçìåíåíèåì åå äëèíû.
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Ñèëà íàòÿæåíèÿ, äåéñòâóþùàÿ íà ñòðóíó, ïðåäïîëàãàåòñÿ çíà÷èòåëüíîé,
òàê ÷òî ìîæíî ïðåíåáðå÷ü äåéñòâèåì ñèëû òÿæåñòè.

Ïóñòü â ïîëîæåíèè ðàâíîâåñèÿ ñòðóíà íàïðàâëåíà ïî îñè x. Áóäåì
ðàññìàòðèâàòü òîëüêî ïîïåðå÷íûå êîëåáàíèÿ ñòðóíû, ñ÷èòàÿ, ÷òî äâè-
æåíèå ïðîèñõîäèò â îäíîé ïëîñêîñòè è ÷òî âñå òî÷êè ñòðóíû äâèæóòñÿ
ïåðïåíäèêóëÿðíî îñè x.

Îáîçíà÷èì ÷åðåç u(t, x) ñìåùåíèå òî÷åê x ñòðóíû â ìîìåíò âðåìå-
íè t îò ïîëîæåíèÿ ðàâíîâåñèÿ. Ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè t
ãðàôèê ôóíêöèè u(t, x) äàåò ôîðìó ñòðóíû â ýòîò ìîìåíò âðåìåíè.

Áóäåì ðàññìàòðèâàòü òîëüêî ìàëûå êîëåáàíèÿ ñòðóíû, ñ÷èòàÿ, ÷òî
ñìåùåíèå u(t, x) è åãî ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ñòîëü ìàëû, ÷òî èõ
êâàäðàòàìè è ïðîèçâåäåíèÿìè ìîæíî ïðåíåáðå÷ü ïî ñðàâíåíèþ ñ ñàìèìè
ýòèìè âåëè÷èíàìè.

Âûäåëèì ïðîèçâîëüíûé ó÷àñòîê (x1, x2) ñòðóíû, êîòîðûé ïðè êîëåáà-
íèè ñòðóíû äåôîðìèðóåòñÿ â íåêîòîðûé ó÷àñòîê (M1,M2). Äëèíà äóãè
ýòîãî ó÷àñòêà â ìîìåíò âðåìåíè t ðàâíà

S ′ =

x2∫
x1

√
1 + u2

x dx ≈ x2 − x1 = S,

òî åñòü â ïðîöåññå ìàëûõ êîëåáàíèé óäëèíåíèÿ ó÷àñòêîâ ñòðóíû íå ïðî-
èñõîäèò. Ýòî çíà÷èò, âåëè÷èíà íàòÿæåíèÿ ñòðóíû, âîçíèêàþùàÿ ïðè äâè-
æåíèè ñòðóíû, íè÷òîæíî ìàëà ïî ñðàâíåíèþ ñ òåì íàòÿæåíèåì, êîòîðî-
ìó îíà áûëà ïîäâåðãíóòà â ïîëîæåíèè ðàâíîâåñèÿ.

Âåëè÷èíó íàòÿæåíèÿ T ìîæíî ñ÷èòàòü íå çàâèñÿùåé îò x, òî åñòü
T (x) = T0. Â ñàìîì äåëå, íà ó÷àñòîê M1,M2 ñòðóíû äåéñòâóþò ñèëû
íàòÿæåíèÿ, íàïðàâëåííûå ïî êàñàòåëüíûì ê ñòðóíå â òî÷êàõ M1 è M2,
âíåøíèå ñèëû è ñèëû èíåðöèè. Ñóììà ïðîåêöèé íà îñü x âñåõ ýòèõ ñèë
äîëæíà ðàâíÿòüñÿ íóëþ. Òàê êàê ìû ðàññìàòðèâàåì òîëüêî ïîïåðå÷íûå
êîëåáàíèÿ, òî ñèëû èíåðöèè è âíåøíèå ñèëû íàïðàâëåíû ïàðàëëåëüíî
îñè u, â ñèëó ÷åãî

T (x1) cosα(x1)− T (x2) cosα(x2) = 0,

ãäå α(x) - óãîë ìåæäó êàñàòåëüíîé â òî÷êå ñ àáñöèññîé x ê ñòðóíå â ìî-
ìåíò âðåìåíè t è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè x. Ñ÷èòàÿ êîëåáàíèÿ
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ìàëûìè, èìååì

cosα(x) =
1√

1 + tg2α(x)
=

1√
1 + u2

x

≈ 1,

è, ñëåäîâàòåëüíî,
T (x1) ≈ T (x2).

Äëÿ âûâîäà óðàâíåíèÿ êîëåáàíèÿ ñòðóíû âîñïîëüçóåìñÿ ïðèíöèïîì
Äàëàìáåðà, íà îñíîâàíèè êîòîðîãî âñå ñèëû, äåéñòâóþùèå íà íåêîòîðûé
âûäåëåííûé ó÷àñòîê â ñòðóíå, âêëþ÷àÿ ñèëû èíåðöèè, äîëæíû óðàâíî-
âåøèâàòüñÿ.

Ðàññìîòðèì ïðîèçâîëüíûé ó÷àñòîêM1,M2 ñòðóíû è ñîñòàâèì óñëîâèå
ðàâåíñòâà íóëþ ñóììû ïðîåêöèé íà îñü u âñåõ ñèë, äåéñòâóþùèõ íà íåãî:
ñèë íàòÿæåíèÿ, ðàâíûõ ïî âåëè÷èíå è íàïðàâëåííûõ ïî êàñàòåëüíûì ê
ñòðóíå â òî÷êàõM1 èM2, âíåøíåé ñèëû, íàïðàâëåííîé ïàðàëëåëüíî îñè
u, è ñèëû èíåðöèè.

Ñóììà ïðîåêöèé íà îñü u ñèë íàòÿæåíèÿ, äåéñòâóþùèõ â òî÷êàõ M1

è M2, ðàâíÿåòñÿ
Y = T0[sinα(x2)− sinα(x1)],

íî â ñèëó ìàëîñòè êîëåáàíèé

sinα(x) =
tgα(x)√

1 + tg2α(x)
=

∂u
∂x√

1 + (∂u∂x)2
≈ ∂u

∂x

è, cëåäîâàòåëüíî,

Y = T0

[(
∂u

∂x

)∣∣∣∣
x=x2

−
(
∂u

∂x

)∣∣∣∣
x=x1

]
.

Çàìåòèì, ÷òî (
∂u

∂x

)∣∣∣∣
x=x2

−
(
∂u

∂x

)∣∣∣∣
x=x1

=

x2∫
x1

∂2u

∂x2 dx,

è òîãäà

Y = T0

x2∫
x1

∂2u

∂x2 dx.
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Îáîçíà÷èì ÷åðåç p(t, x) âíåøíþþ ñèëó, äåéñòâóþùóþ íà ñòðóíó ïà-
ðàëëåëüíî îñè u è ðàññ÷èòàííóþ íà åäèíèöó äëèíû. Òîãäà ïðîåêöèÿ íà
îñü u âíåøíåé ñèëû, äåéñòâóþùåé íà ó÷àñòîêM1,M2 ñòðóíû, áóäåò ðàâ-
íà

x2∫
x1

p(t, x) dx.

Ïóñòü ρ(x) - ëèíåéíàÿ ïëîòíîñòü ñòðóíû, òîãäà ñèëà èíåðöèè ó÷àñòêà
M1,M2 ñòðóíû áóäåò ðàâíà

−
x2∫
x1

ρ(x)
∂2u

∂t2
dx.

Ñóììà ïðîåêöèé íà îñü u âñåõ ñèë, äåéñòâóþùèõ íà ó÷àñòîê M1,M2

ñòðóíû, äîëæíà áûòü ðàâíà íóëþ, òî åñòü

x2∫
x1

[
T0
∂2u

∂x2 − ρ(x)
∂2u

∂t2
+ p(t, x)

]
dx = 0.

Â ñèëó ïðîèçâîëüíîñòè x1 è x2 ñëåäóåò, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ
äîëæíà ðàâíÿòüñÿ íóëþ äëÿ êàæäîé òî÷êè ñòðóíû â ëþáîé ìîìåíò âðå-
ìåíè t, òî åñòü

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2 + p(t, x).

Ýòî è åñòü óðàâíåíèå êîëåáàíèÿ ñòðóíû.
Åñëè ρ = const, òî åñòü ñòðóíà îäíîðîäíà, óðàâíåíèå ïðèíèìàåò âèä

∂2u

∂t2
= a2∂

2u

∂x2 + f(t, x),

ãäå

a =

√
T0

ρ
, f(t, x) =

p(t, x)

ρ
.

Åñëè âíåøíÿÿ ñèëà îòñóòñòâóåò, òî p(t, x) = 0 è ïîëó÷àåì óðàâíåíèå
ñâîáîäíûõ êîëåáàíèé ñòðóíû

∂2u

∂t2
= a2∂

2u

∂x2 .
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Òàêîå óðàâíåíèå ðàññìàòðèâàëè åùå â XVIII âåêå Äàíèèë Áåðíóëëè,
Äàëàìáåð è Ýéëåð.

Èçâåñòíî, ÷òî äëÿ ïîëíîãî îïðåäåëåíèÿ äâèæåíèÿ ñòðóíû íåîáõîäèìî
çíàòü íà÷àëüíîå ïîëîæåíèå è íà÷àëüíóþ ñêîðîñòü âñåõ òî÷åê ñòðóíû:

u|t=0 = ϕ0(x),
∂u

∂t

∣∣∣∣
t=0

= ϕ1(x).

Ýòè óñëîâèÿ íàçûâàþòñÿ íà÷àëüíûìè óñëîâèÿìè.
Äàëåå, òàê êàê ñòðóíà îãðàíè÷åíà, íóæíî óêàçàòü, ÷òî ïðîèñõîäèò íà

å¸ êîíöàõ. Òàê, äëÿ çàêðåïëåííîé ñòðóíû íà å¸ êîíöàõ (x = 0, x = l)
äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

u|x=0 = 0, u|x=l = 0

äëÿ ëþáîãî t ≥ 0. Ýòè óñëîâèÿ íàçûâàþòñÿ êðàåâûìè èëè ãðàíè÷íûìè
óñëîâèÿìè.

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è î êîëåáàíèè ñòðóíû ñ çàêðåïëåí-
íûìè êîíöàìè: íàéòè â QT = (t0, t1)× (0, l) òàêîå ðåøåíèå u(t, x) óðàâ-
íåíèÿ

ρ(x)
∂2u

∂t2
= T0

∂2u

∂x2 + p(t, x),

êîòîðîå óäîâëåòâîðÿëî áû íà÷àëüíûì óñëîâèÿì

u(t0, x) = ϕ0(x), ut(t0, x) = ϕ1(x), x ∈ [0, l],

è ãðàíè÷íûì óñëîâèÿì

u(t, 0) = 0, u(t, l) = 0, t ∈ [t0, t1].

Åñëè êîíöû íå çàêðåïëåíû, à ñàìè ïðèâîäÿòñÿ â äâèæåíèå ïî îïðåäå-
ëåííîìó çàêîíó, òî

u(t, 0) = f1(t), u(t, l) = f2(t), t ∈ [t0, t1].

3.2. Óðàâíåíèå êîëåáàíèé ìåìáðàíû

Ìåìáðàíîé íàçûâàþò ñâîáîäíî èçãèáàþùóþñÿ íàòÿíóòóþ ïëåíêó.
Ïóñòü â ïîëîæåíèè ðàâíîâåñèÿ ìåìáðàíà ðàñïîëîæåíà â ïëîñêîñòè ïå-

ðåìåííûõ xy è çàíèìàåò íåêîòîðóþ îáëàñòü Ω, îãðàíè÷åííóþ çàìêíóòîé
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êðèâîé L. Áóäåì ïðåäïîëàãàòü, ÷òî ìåìáðàíà íàõîäèòñÿ ïîä äåéñòâèåì
ðàâíîìåðíîãî íàòÿæåíèÿ T , ïðèëîæåííîãî ê êðàÿì ìåìáðàíû. Òî åñòü
åñëè ïðîâåñòè ëèíèþ ïî ìåìáðàíå â ëþáîì íàïðàâëåíèè, òî ñèëà âçàè-
ìîäåéñòâèÿ ìåæäó äâóìÿ ÷àñòèöàìè, ðàçäåëåííûìè ýëåìåíòàìè ëèíèè,
ïðîïîðöèîíàëüíà äëèíå ýëåìåíòà è ïåðïåíäèêóëÿðíà åãî íàïðàâëåíèþ;
âåëè÷èíà ñèëû, äåéñòâóþùåé íà ýëåìåíò ds ëèíèè, áóäåò ðàâíà Tds.

Áóäåì ðàññìàòðèâàòü òîëüêî ïîïåðå÷íûå êîëåáàíèÿ ìåìáðàíû, ïðè
êîòîðûõ êàæäàÿ åå òî÷êà äâèæåòñÿ ïåðïåíäèêóëÿðíî ïëîñêîñòè ïåðå-
ìåííûõ xy ïàðàëëåëüíî îñè u. Ñìåùåíèå u òî÷êè (x, y) ìåìáðàíû åñòü
ôóíêöèÿ îò t è x, y: u = u(t, x, y).

Áóäåì ðàññìàòðèâàòü òîëüêî ìàëûå êîëåáàíèÿ ìåìáðàíû, ñ÷èòàÿ, ÷òî
ôóíêöèÿ u(t, x, y) è åå ÷àñòíûå ïðîèçâîäíûå ïî x è y ìàëû, òàê ÷òî êâàä-
ðàòàìè è ïðîèçâåäåíèÿìè èõ ìîæíî ïðåíåáðå÷ü ïî ñðàâíåíèþ ñ ñàìèìè
ýòèìè âåëè÷èíàìè.

Âûäåëèì ïðîèçâîëüíûé ó÷àñòîê σ ìåìáðàíû, îãðàíè÷åííûé â ïîëî-
æåíèè ðàâíîâåñèÿ êðèâîé l. Êîãäà ìåìáðàíà áóäåò âûâåäåíà èç ïîëî-
æåíèÿ ðàâíîâåñèÿ, ýòîò ó÷àñòîê ìåìáðàíû äåôîðìèðóåòñÿ â ó÷àñòîê σ′

ïîâåðõíîñòè ìåìáðàíû, îãðàíè÷åííûé ïðîñòðàíñòâåííîé êðèâîé l′. Ïëî-
ùàäü ó÷àñòêà σ′ â ìîìåíò âðåìåíè t ðàâíà

σ′ =

∫∫
σ

√
1 + u2

x + u2
y dx dy ≈

∫∫
σ

dx dy = σ,

òî åñòü èçìåíåíèåì ïëîùàäè ïðîèçâîëüíî âçÿòîãî ó÷àñòêà ìåìáðàíû â
ïðîöåññå êîëåáàíèé ìîæíî ïðåíåáðå÷ü è ìåìáðàíà áóäåò íàõîäèòüñÿ ïîä
äåéñòâèåì ïåðâîíà÷àëüíîãî íàòÿæåíèÿ T .

Ðàññìîòðèì ïðîèçâîëüíûé ó÷àñòîê σ′ ìåìáðàíû. Ñî ñòîðîíû îñòàëü-
íîé ÷àñòè ìåìáðàíû íà ýòîò ó÷àñòîê äåéñòâóåò íàïðàâëåííîå ïî íîðìàëè
ê êîíòóðó l′ ðàâíîìåðíî ðàñïðåäåëåííîå íàòÿæåíèå T , ëåæàùåå â êàñà-
òåëüíîé ïëîñêîñòè ê ïîâåðõíîñòè ìåìáðàíû. Íàéäåì ïðîåêöèþ íà îñü u
ñèë íàòÿæåíèÿ, ïðèëîæåííûõ ê êðèâîé l′, îãðàíè÷èâàþùåé ó÷àñòîê σ′

ìåìáðàíû. Îáîçíà÷èì ÷åðåç ds′ ýëåìåíò äóãè êðèâîé l′. Íà ýòîò ýëåìåíò
äåéñòâóåò íàòÿæåíèå, ðàâíîå ïî âåëè÷èíå Tds′. Êîñèíóñ óãëà, îáðàçîâàí-
íîãî âåêòîðîì íàòÿæåíèÿ T ñ îñüþ Ou, ðàâåí, â ñèëó íàøèõ ïðåäïîëîæå-
íèé, ∂u∂n , ãäå n - íàïðàâëåíèå íîðìàëè ê êðèâîé l. Òîãäà ïðîåêöèÿ íà îñü
u ñèë íàòÿæåíèÿ, ïðèëîæåííûõ ê ýëåìåíòó ds′ êîíòóðà l′, ðàâíà T ∂u

∂nds
′,

è ïðîåêöèÿ íà îñü u ñèë íàòÿæåíèÿ, ïðèëîæåííûõ êî âñåìó êîíòóðó l′,
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ðàâíà T
∫
l′

∂u
∂nds

′. Ñ÷èòàÿ, ÷òî ïðè ìàëûõ êîëåáàíèÿõ ds ≈ ds′, ïóòü èí-

òåãðèðîâàíèÿ l′ â ýòîì èíòåãðàëå ìîæåì çàìåíèòü íà l. Òîãäà, ïðèìåíÿÿ
ôîðìóëó Ãðèíà, ïîëó÷èì ðàâåíñòâî

T

∫
l

∂u

∂n
ds = T

∫∫
σ

(
∂2u

∂x2 +
∂2u

∂y2

)
dx dy.

Îáîçíà÷èì ÷åðåç p(t, x, y) âíåøíþþ ñèëó, äåéñòâóþùóþ íà ìåìáðàíó
ïàðàëëåëüíî îñè u è ðàññ÷èòàííóþ íà åäèíèöó ïëîùàäè. Òîãäà ïðîåêöèÿ
íà îñü u âíåøíåé ñèëû, äåéñòâóþùåé íà ó÷àñòîê σ′ ìåìáðàíû, áóäåò
ðàâíà ∫∫

σ

p(t, x, y) dx dy.

Ýòè ñèëû äîëæíû â ëþáîé ìîìåíò âðåìåíè t óðàâíîâåøèâàòüñÿ ñè-
ëàìè èíåðöèè ó÷àñòêà σ′ ìåìáðàíû

−
∫∫
σ

ρ(x, y)
∂2u

∂t2
dx dy,

ãäå ρ(x, y) - ïîâåðõíîñòíàÿ ïëîòíîñòü ìåìáðàíû.
Îòñþäà ïîëó÷àåì ðàâåíñòâî∫∫

σ

[
ρ(x, y)

∂2u

∂t2
− T

(
∂2u

∂x2 +
∂2u

∂y2

)
− p(t, x, y)

]
dx dy = 0.

Â ñèëó ïðîèçâîëüíîñòè ïëîùàäêè σ ñëåäóåò, ÷òî

ρ(x, y)
∂2u

∂t2
= T

(
∂2u

∂x2 +
∂2u

∂y2

)
+ p(t, x, y).

Ýòî åñòü äèôôåðåíöèàëüíîå óðàâíåíèå ïîïåðå÷íûõ êîëåáàíèé ìåìáðà-
íû.

Â ñëó÷àå îäíîðîäíîé ìåìáðàíû ρ = const óðàâíåíèå ìàëûõ êîëåáàíèé
ìåìáðàíû ïðèíèìàåò âèä

∂2u

∂t2
= a2

(
∂2u

∂x2 +
∂2u

∂y2

)
+ f(t, x, y),
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ãäå

a =

√
T

ρ
, f(t, x, y) =

p(t, x, y)

ρ
.

Åñëè âíåøíÿÿ ñèëà îòñóòñòâóåò, òî åñòü p(t, x, y) = 0, ïîëó÷àåì óðàâ-
íåíèå ñâîáîäíûõ êîëåáàíèé îäíîðîäíîé ìåìáðàíû

∂2u

∂t2
= a2

(
∂2u

∂x2 +
∂2u

∂y2

)
.

Èçâåñòíî, ÷òî äëÿ ïîëíîãî îïðåäåëåíèÿ äâèæåíèÿ ìåìáðàíû íåîáõî-
äèìî çíàòü â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 ñìåùåíèå è ñêîðîñòü âñåõ
òî÷åê ìåìáðàíû

u|t=0 = ϕ0(x, y),
∂u

∂t

∣∣∣∣
t=0

= ϕ1(x, y).

Äàëåå, òàê êàê íà êîíòóðå L ìåìáðàíà çàêðåïëåíà, òî äîëæíî âûïîë-
íÿòüñÿ óñëîâèå

u|L = 0

ïðè ëþáîì t ≥ 0.

3.3. Óðàâíåíèå ðàñïðîñòðàíåíèÿ òåïëà â èçîòðîïíîì òâåðäîì
òåëå

Ðàññìîòðèì òâåðäîå òåëî, òåìïåðàòóðà êîòîðîãî â òî÷êå (x, y, z) â
ìîìåíò âðåìåíè t îïðåäåëÿåòñÿ ôóíêöèåé u(t, x, y, z). Åñëè ðàçëè÷íûå
÷àñòè òåëà íàõîäÿòñÿ ïðè ðàçëè÷íîé òåìïåðàòóðå, òî â òåëå áóäåò ïðî-
èñõîäèòü äâèæåíèå òåïëà îò áîëåå íàãðåòûõ ÷àñòåé ê ìåíåå íàãðåòûì.
Âîçüìåì êàêóþ-íèáóäü ïîâåðõíîñòü S âíóòðè òåëà è íà íåé ìàëûé ýëå-
ìåíò ∆S. Â òåîðèè òåïëîïðîâîäíîñòè ïðèíèìàåòñÿ, ÷òî êîëè÷åñòâî òåï-
ëà ∆Q, ïðîõîäÿùåãî ÷åðåç ýëåìåíò ∆S çà âðåìÿ ∆t, ïðîïîðöèîíàëüíî
∆t ·∆S è íîðìàëüíîé ïðîèçâîäíîé ∂u

∂n , òî åñòü

∆Q = −k∂u
∂n

∆S ·∆t = −k∆S ·∆t gradnu,

ãäå k > 0 � êîýôôèöèåíò âíóòðåííåé òåïëîïðîâîäíîñòè, à n � íîð-
ìàëü ê ýëåìåíòó ïîâåðõíîñòè ∆S â íàïðàâëåíèè äâèæåíèÿ òåïëà. Áó-
äåì ñ÷èòàòü, ÷òî òåëî èçîòðîïíî â îòíîøåíèè òåïëîïðîâîäíîñòè, òî åñòü
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êîýôôèöèåíò âíóòðåííåé òåïëîïðîâîäíîñòè k çàâèñèò òîëüêî îò òî÷êè
(x, y, z) è íå çàâèñèò îò íàïðàâëåíèÿ íîðìàëè ê ïîâåðõíîñòè S â ýòîé
òî÷êå.

Îáîçíà÷èì ÷åðåç q òåïëîâîé ïîòîê, òî åñòü êîëè÷åñòâî òåïëà, ïðîõî-
äÿùåãî ÷åðåç åäèíèöó ïëîùàäè ïîâåðõíîñòè çà åäèíèöó âðåìåíè. Òîãäà

q = −k∂u
∂n
.

Äëÿ âûâîäà óðàâíåíèÿ ðàñïðîñòðàíåíèÿ òåïëà âûäåëèì âíóòðè òåëà
ïðîèçâîëüíûé îáúåì V , îãðàíè÷åííûé ãëàäêîé çàìêíóòîé ïîâåðõíîñòüþ
S, è ðàññìîòðèì èçìåíåíèå êîëè÷åñòâà òåïëà â ýòîì îáúåìå çà ïðîìåæó-
òîê âðåìåíè (t1, t2). Î÷åâèäíî, ÷òî ÷åðåç ïîâåðõíîñòü S çà ïðîìåæóòîê
âðåìåíè (t1, t2) âõîäèò êîëè÷åñòâî òåïëà, ðàâíîå

Q1 = −
t2∫
t1

dt

∫∫
S

k(x, y, z)
∂u

∂n
dS,

ãäå n � âíóòðåííÿÿ íîðìàëü ê ïîâåðõíîñòè S.
Ðàññìîòðèì ýëåìåíò îáúåìà ∆V . Íà èçìåíåíèå òåìïåðàòóðû ýòîãî

îáúåìà íà ∆u çà ïðîìåæóòîê âðåìåíè ∆t íóæíî çàòðàòèòü êîëè÷åñòâî
òåïëà

∆Q2 = [u(t+ ∆t, x, y, z)− u(t, x, y, z)]γ(x, y, z)ρ(x, y, z)∆V,

ãäå γ(x, y, z), ρ(x, y, z) � òåïëîåìêîñòü è ïëîòíîñòü âåùåñòâà. Òîãäà êî-
ëè÷åñòâî òåïëà, íåîáõîäèìîå äëÿ èçìåíåíèÿ òåìïåðàòóðû îáúåìà V íà
∆u = u(t2, x, y, z)− u(t1, x, y, z), ðàâíî

Q2 =

∫∫∫
V

[u(t2, x, y, z)− u(t1, x, y, z)]γρ dV

èëè

Q2 =

t2∫
t1

dt

∫∫∫
V

γρ
∂u

∂t
dV,

òàê êàê

u(t2, x, y, z)− u(t1, x, y, z) =

t2∫
t1

∂u

∂t
dt.
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Ïðåäïîëîæèì, ÷òî âíóòðè ðàññìàòðèâàåìîãî òåëà åñòü èñòî÷íèêè òåï-
ëà. Îáîçíà÷èì ÷åðåç F (t, x, y, z) ïëîòíîñòü (êîëè÷åñòâî ïîãëîùåííîãî
èëè âûäåëÿåìîãî òåïëà â åäèíèöó âðåìåíè â åäèíèöå îáúåìà òåëà) òåï-
ëîâûõ èñòî÷íèêîâ. Òîãäà êîëè÷åñòâî òåïëà, âûäåëÿåìîãî èëè ïîãëîùà-
åìîãî â îáúåìå V çà ïðîìåæóòîê âðåìåíè (t1, t2), áóäåò ðàâíî

Q3 =

t2∫
t1

dt

∫∫∫
V

F (t, x, y, z) dV.

Ñîñòàâèì óðàâíåíèå áàëàíñà òåïëà äëÿ âûäåëåííîãî îáúåìà V . Î÷å-
âèäíî, ÷òî Q2 = Q1 +Q3

t2∫
t1

dt

∫∫∫
V

γρ
∂u

∂t
dV = −

t2∫
t1

dt

∫∫
S

k
∂u

∂n
dS +

t2∫
t1

dt

∫∫∫
V

F (t, x, y, z) dV,

è, ïðèìåíÿÿ ôîðìóëó Îñòðîãðàäñêîãî êî âòîðîìó èíòåãðàëó, èìååì

t2∫
t1

dt

∫∫∫
V

[
γρ
∂u

∂t
− div(k gradu)− F (t, x, y, z)

]
dV = 0.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà, îáúåì V è ïðîìåæóòîê âðå-
ìåíè (t1, t2) ïðîèçâîëüíû, çíà÷èò, äëÿ ëþáîé òî÷êè (x, y, z) ðàññìàòðè-
âàåìîãî òåëà è äëÿ ëþáîãî ìîìåíòà âðåìåíè t äîëæíî âûïîëíÿòüñÿ

γρ
∂u

∂t
= div(k gradu) + F (t, x, y, z).

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì òåïëîïðîâîäíîñòè íåîäíîðîä-
íîãî èçîòðîïíîãî òåëà.

Åñëè òåëî îäíîðîäíî, òî γ, ρ è k � ïîñòîÿííûå è óðàâíåíèå ïðèíèìàåò
âèä

∂u

∂t
= a2

(
∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2

)
+ f(t, x, y, z),

ãäå

a =

√
k

γρ
, f(t, x, y, z) =

F (t, x, y, z)

γρ
.
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Åñëè â ðàññìàòðèâàåìîì îäíîðîäíîì òåëå íåò èñòî÷íèêîâ òåïëà, òî
åñòü F (t, x, y, z) = 0, ïîëó÷àåì îäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè

∂u

∂t
= a2

(
∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2

)
.

Åñëè òåìïåðàòóðà çàâèñèò òîëüêî îò êîîðäèíàò t, x, y (íàïðèìåð, ïðè
ðàñïðîñòðàíåíèè òåïëà â î÷åíü òîíêîé îäíîðîäíîé ïëàñòèíå), òî óðàâ-
íåíèå èìååò âèä

∂u

∂t
= a2

(
∂2u

∂x2 +
∂2u

∂y2

)
.

Äëÿ òåëà ëèíåéíîãî ðàçìåðà, íàïðèìåð äëÿ îäíîðîäíîãî ñòåðæíÿ,
óðàâíåíèå òåïëîïðîâîäíîñòè ïðèíèìàåò âèä

∂u

∂t
= a2∂

2u

∂x2 .

Â äâóõ ïîñëåäíèõ ñëó÷àÿõ íå ó÷èòûâàåòñÿ òåïëîâîé îáìåí ìåæäó ïî-
âåðõíîñòüþ ïëàñòèíû èëè ñòåðæíÿ ñ îêðóæàþùåé ñðåäîé.

Äëÿ îïðåäåëåíèÿ òåìïåðàòóðû âíóòðè òåëà â ëþáîé ìîìåíò âðåìåíè
íåîáõîäèìî çíàòü ðàñïðåäåëåíèå òåìïåðàòóðû âíóòðè òåëà â íà÷àëüíûé
ìîìåíò âðåìåíè t = 0 (íà÷àëüíîå óñëîâèå) è òåïëîâîé ðåæèì íà ãðàíèöå
Γ òåëà (ãðàíè÷íîå óñëîâèå).

Ãðàíè÷íîå óñëîâèå ìîæåò áûòü çàäàíî ðàçëè÷íûìè ñïîñîáàìè.
1. Â êàæäîé òî÷êå ïîâåðõíîñòè Γ çàäàåòñÿ òåìïåðàòóðà

u|Γ = ψ1(t, P ),

ãäå ψ1(t, P ) � èçâåñòíàÿ ôóíêöèÿ âðåìåíè t ≥ 0 è òî÷êè P ïîâåðõíîñòè
Γ.

2. Íà ïîâåðõíîñòè Γ çàäàåòñÿ òåïëîâîé ïîòîê

∂u

∂n

∣∣∣∣
Γ

= ψ2(t, P ),

ãäå ψ2(t, P ) � èçâåñòíàÿ ôóíêöèÿ.
3. Íà ïîâåðõíîñòè Γ òâåðäîãî òåëà ïðîèñõîäèò òåïëîîáìåí ñ îêðóæà-

þùåé ñðåäîé, òåìïåðàòóðà êîòîðîé u0 èçâåñòíà. Äëÿ óïðîùåíèÿ çàäà÷è
çàêîí òåïëîîáìåíà ìîæåò áûòü ïðèíÿò â âèäå çàêîíà Íüþòîíà.
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Êîëè÷åñòâî òåïëà, ïåðåäàâàåìîå â åäèíèöó âðåìåíè ñ åäèíèöû ïëîùà-
äè ïîâåðõíîñòè òåëà â îêðóæàþùóþ ñðåäó, ïðîïîðöèîíàëüíî ðàçíîñòè
òåìïåðàòóð ïîâåðõíîñòè òåëà è îêðóæàþùåé ñðåäû

q = H(u− u0),

ãäå H � êîýôôèöèåíò òåïëîîáìåíà. Äëÿ ïðîñòîòû áóäåì ñ÷èòàòü åãî ïî-
ñòîÿííûì. Ïî çàêîíó ñîõðàíåíèÿ ýíåðãèè ýòî êîëè÷åñòâî òåïëà äîëæíî
áûòü ðàâíî òîìó êîëè÷åñòâó òåïëà, êîòîðîå ïåðåäàåòñÿ ÷åðåç åäèíèöó
ïëîùàäè ïîâåðõíîñòè çà åäèíèöó âðåìåíè âñëåäñòâèå âíóòðåííåé òåïëî-
ïðîâîäíîñòè. Òîãäà ãðàíè÷íîå óñëîâèå ìîæíî çàïèñàòü â âèäå

H(u− u0) = −k∂u
∂n

∣∣∣∣
Γ
,

ãäå n � âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè Γ. Óñëîâèå ìîæíî ïåðåïèñàòü
â ñëåäóþùåì âèäå, ïðèíÿâ h = H

k :(
∂u

∂n
+ h(u− u0)

)∣∣∣∣
Γ

= 0.

Çàäà÷à î ðàñïðîñòðàíåíèè òåïëà â îäíîðîäíîì èçîòðîïíîì òâåðäîì
òåëå ñòàâèòñÿ òàê: íàéòè ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

(
∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2

)
+ f(t, x, y, z),

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u|t=0 = ϕ(x, y, z)

è îäíîìó èç óêàçàííûõ âûøå ãðàíè÷íûõ óñëîâèé.

3.4. Óðàâíåíèå Ëàïëàñà

Äîïóñòèì, ÷òî òåìïåðàòóðà â êàæäîé òî÷êå (x, y, z) âíóòðè òåëà óñòà-
íîâèëàñü, òî åñòü îíà íå ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè è âíóòðè òåëà íåò
èñòî÷íèêîâ òåïëà. Òîãäà ∂u

∂t = 0 è óðàâíåíèå ïðèíèìàåò âèä

∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2 = 0.
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Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì Ëàïëàñà, è åìó óäîâëåòâîðÿåò
óñòàíîâèâøàÿñÿ â îäíîðîäíîì òåëå òåìïåðàòóðà u(x, y, z). Äëÿ îïðåäå-
ëåíèÿ u(x, y, z) óæå íå íàäî çàäàâàòü íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðà-
òóðû (íà÷àëüíîå óñëîâèå), äîñòàòî÷íî çàäàòü îäíî ãðàíè÷íîå óñëîâèå, íå
çàâèñÿùåå îò âðåìåíè.

Çàäà÷à îïðåäåëåíèÿ ðåøåíèÿ óðàâíåíèÿ

∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2 = 0

ïî åãî çíà÷åíèÿì íà ãðàíèöå Γ ðàññìàòðèâàåìîé îáëàñòè D u|Γ = ϕ(P )
íàçûâàåòñÿ çàäà÷åé Äèðèõëå.

Çàäà÷à îïðåäåëåíèÿ ðåøåíèÿ óðàâíåíèÿ

∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2 = 0,

óäîâëåòâîðÿþùåãî ãðàíè÷íîìó óñëîâèþ ∂u
∂n|Γ = ϕ(P ), íàçûâàåòñÿ çàäà-

÷åé Íåéìàíà.

Çàäà÷è è óïðàæíåíèÿ

3.1. Íàéòè ñòàòè÷åñêèé ïðîãèá ñòðóíû, çàêðåïëåííîé íà êîíöàõ, ïîä
äåéñòâèåì íåïðåðûâíî ðàñïðåäåëåííîé íàãðóçêè (íà åäèíèöó äëèíû).
3.2. Íà÷èíàÿ ñ ìîìåíòà âðåìåíè t = 0 îäèí êîíåö ïðÿìîëèíåéíîãî óïðó-
ãîãî îäíîðîäíîãî ñòåðæíÿ ñîâåðøàåò ïðîäîëüíûå êîëåáàíèÿ ïî çàäàí-
íîìó çàêîíó, à ê äðóãîìó ïðèëîæåíà ñèëà Φ(t), íàïðàâëåííàÿ ïî îñè
ñòåðæíÿ. Â ìîìåíò âðåìåíè t = 0 ïîïåðå÷íûå ñå÷åíèÿ ñòåðæíÿ áû-
ëè íåïîäâèæíû è íàõîäèëèñü â íåîòêëîíåííîì ïîëîæåíèè. Ïîñòàâèòü
êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ ìàëûõ ïðîäîëüíûõ îòêëîíåíèé òî÷åê
ñòåðæíÿ ïðè t > 0.
3.3. Ïîñòàâèòü êðàåâóþ çàäà÷ó î ìàëûõ ïîïåðå÷íûõ êîëåáàíèÿõ ñòðó-
íû, çàêðåïëåííîé íà îáîèõ êîíöàõ, â ñðåäå ñ ñîïðîòèâëåíèåì, ïðîïîðöè-
îíàëüíûì ïåðâîé ñòåïåíè ñêîðîñòè.
3.4. Âî âíóòðåííèõ òî÷êàõ x = xi, i = 1, ...,m íà ñòðóíå ñîñðåäîòî÷å-
íû ìàññû mi, i = 1, ...,m. Ïîñòàâèòü êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ
ìàëûõ ïîïåðå÷íûõ êîëåáàíèé ñòðóíû ïðè ïðîèçâîëüíûõ íà÷àëüíûõ äàí-
íûõ. Êîíöû ñòðóíû çàêðåïëåíû.
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3.5. Ïîñòàâèòü êðàåâóþ çàäà÷ó î ïîïåðå÷íûõ êîëåáàíèÿõ òÿæåëîé îäíî-
ðîäíîé ñòðóíû îòíîñèòåëüíî âåðòèêàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ, åñëè
âåðõíèé åå êîíåö æåñòêî çàêðåïëåí, à íèæíèé � ñâîáîäåí.
3.6. Ïîñòàâèòü êðàåâóþ çàäà÷ó î êîëåáàíèè êðóãëîé îäíîðîäíîé ìåìáðà-
íû, çàêðåïëåííîé ïî êðàþ, â ñðåäå, ñîïðîòèâëåíèå êîòîðîé ïðîïîðöèî-
íàëüíî ïåðâîé ñòåïåíè ñêîðîñòè. Â ìîìåíò âðåìåíè t = 0 ê ïîâåðõíîñòè
ìåìáðàíû ïðèëîæåíà âíåøíÿÿ ñèëà ïëîòíîñòè f(t, r, ϕ), äåéñòâóþùàÿ
ïåðïåíäèêóëÿðíî ïëîñêîñòè íåâîçìóùåííîé ìåìáðàíû. Íà÷àëüíûå ñêî-
ðîñòè è îòêëîíåíèÿ òî÷åê ìåìáðàíû îòñóòñòâóþò.
3.7. Ïîñòàâèòü êðàåâóþ çàäà÷ó îá îïðåäåëåíèè òåìïåðàòóðû ñòåðæíÿ
0 ≤ x ≤ l ñ òåïëîèçîëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ; ðàññìîòðåòü
ñëó÷àè:

à) êîíöû ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè çàäàííîé òåìïåðàòóðå,
á) íà êîíöàõ ñòåðæíÿ ïîääåðæèâàåòñÿ çàäàííûé òåïëîâîé ïîòîê,
â) íà êîíöàõ ñòåðæíÿ ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ïî çàêîíó

Íüþòîíà ñî ñðåäîé, òåìïåðàòóðà êîòîðîé çàäàíà.
3.8. Äàí òîíêèé îäíîðîäíûé ñòåðæåíü äëèíîé l, íà÷àëüíàÿ òåìïåðàòóðà
êîòîðîãî f(x). Ïîñòàâèòü êðàåâóþ çàäà÷ó îá îïðåäåëåíèè òåìïåðàòóðû
ñòåðæíÿ, åñëè íà êîíöå x = 0 ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà
u0, à íà áîêîâîé ïîâåðõíîñòè è íà êîíöå x = l ïðîèñõîäèò êîíâåêòèâíûé
òåïëîîáìåí ïî çàêîíó Íüþòîíà ñ îêðóæàþùåé ñðåäîé íóëåâîé òåìïåðà-
òóðû.
3.9. Ïîñòàâèòü çàäà÷ó îá îïðåäåëåíèè òåìïåðàòóðû â áåñêîíå÷íîì òîí-
êîì òåïëîèçîëèðîâàííîì ñòåðæíå, ïî êîòîðîìó ñ ìîìåíòà t = 0 â ïîëî-
æèòåëüíîì íàïðàâëåíèè ñî ñêîðîñòüþ v0 íà÷èíàåò äâèãàòüñÿ òî÷å÷íûé
òåïëîâîé èñòî÷íèê, äàþùèé q åäèíèö òåïëà â åäèíèöó âðåìåíè.
3.10. Ïîñòàâèòü êðàåâóþ çàäà÷ó îá îñòûâàíèè òîíêîãî îäíîðîäíîãî
êîëüöà ðàäèóñà R, íà ïîâåðõíîñòè êîòîðîãî ïðîèñõîäèò êîíâåêòèâíûé
òåïëîîáìåí ñ îêðóæàþùåé ñðåäîé, èìåþùåé çàäàííóþ òåìïåðàòóðó.
Íåðàâíîìåðíîñòüþ ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî òîëùèíå êîëüöà ïðå-
íåáðå÷ü.
3.11. Âíóòðè îäíîðîäíîãî øàðà íà÷èíàÿ ñ ìîìåíòà âðåìåíè t = 0 äåé-
ñòâóþò èñòî÷íèêè òåïëà ñ ðàâíîìåðíî ðàñïðåäåëåííîé ïîñòîÿííîé ïëîò-
íîñòüþ Q. Ïîñòàâèòü êðàåâóþ çàäà÷ó î ðàñïðåäåëåíèè òåìïåðàòóðû ïðè
t > 0 âíóòðè øàðà, åñëè íà÷àëüíàÿ òåìïåðàòóðà ëþáîé òî÷êè øàðà çà-
âèñèò òîëüêî îò ðàññòîÿíèÿ ýòîé òî÷êè äî öåíòðà øàðà. Ðàññìîòðåòü
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ñëó÷àè:
à) íà ïîâåðõíîñòè øàðà ïîääåðæèâàåòñÿ íóëåâàÿ òåìïåðàòóðà,
á) íà ïîâåðõíîñòè øàðà ïðîèñõîäèò òåïëîîáìåí (ïî çàêîíó Íüþòîíà)

ñ îêðóæàþùåé ñðåäîé íóëåâîé òåìïåðàòóðû.
3.12. Ïîñòàâèòü çàäà÷ó î äâèæåíèè ïîëóîãðàíè÷åííîé ñòðóíû (0 ≤ x <
∞) ïðè t > 0, åñëè ïðè t > 0 ïî íåé áåæèò âîëíà u(t, x) = f(x + at), à
êîíåö ñòðóíû x = 0 çàêðåïëåí æåñòêî.
3.13. Ïîñòàâèòü êðàåâóþ çàäà÷ó î ïîïåðå÷íûõ êîëåáàíèÿõ ìåìáðàíû, ê
êîòîðîé ïðèëîæåíî íîðìàëüíîå äàâëåíèå P íà åäèíèöó ïëîùàäè, åñëè
â íåâîçìóùåííîì ñîñòîÿíèè ìåìáðàíà ÿâëÿåòñÿ ïëîñêîé, à îêðóæàþùàÿ
ñðåäà íå îêàçûâàåò ñîïðîòèâëåíèÿ êîëåáàíèÿì ìåìáðàíû. Ðàññìîòðåòü
ñëó÷àè:

à) ìåìáðàíà æåñòêî çàêðåïëåíà íà ãðàíèöå L,
á) ìåìáðàíà ñâîáîäíà íà L,
â) íà ÷àñòè L1 ãðàíèöû L ìåìáðàíà çàêðåïëåíà æåñòêî, à íà îñòàëüíîé

÷àñòè L2 ãðàíèöû L îíà ñâîáîäíà.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.

3.14.∗ Äàíà òîíêàÿ ïðÿìîóãîëüíàÿ ïëàñòèíà ñî ñòîðîíàìè l, m, äëÿ êî-
òîðîé èçâåñòíî íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû. Ïîñòàâèòü êðà-
åâóþ çàäà÷ó î ðàñïðåäåëåíèè òåïëà â ïëàñòèíå, åñëè áîêîâûå ñòîðîíû
ïîääåðæèâàþòñÿ ïðè òåìïåðàòóðå

u|y=0 = ϕ1(x), u|y=m = ϕ2(x),

u|x=0 = ψ1(y), u|x=l = ψ2(y).

3.15.∗ Íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû â îäíîðîäíîì øàðå çàäàíî
ôóíêöèåé f(r, θ, ϕ). Ïîñòàâèòü êðàåâóþ çàäà÷ó î ðàñïðåäåëåíèè òåïëà â
øàðå, åñëè ïîâåðõíîñòü øàðà ïîääåðæèâàåòñÿ ïðè ïîñòîÿííîé òåìïåðà-
òóðå u0.
3.16.∗ Íà ïëîñêóþ ìåìáðàíó, îãðàíè÷åííóþ êðèâîé L, äåéñòâóåò ñòàöè-
îíàðíàÿ ïîïåðå÷íàÿ íàãðóçêà ñ ïëîòíîñòüþ f(x, y). Ïîñòàâèòü êðàåâóþ
çàäà÷ó îá îòêëîíåíèè òî÷åê ìåìáðàíû îò ïëîñêîñòè, åñëè:

à) ìåìáðàíà çàêðåïëåíà íà êðàþ,
á) êðàé ìåìáðàíû ñâîáîäåí,
â) êðàé ìåìáðàíû çàêðåïëåí óïðóãî.
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3.17.∗ Äàí öèëèíäð ñ ðàäèóñîì îñíîâàíèÿ R è âûñîòîé h. Ïîñòàâèòü
êðàåâóþ çàäà÷ó î ñòàöèîíàðíîì ðàñïðåäåëåíèè òåìïåðàòóðû âíóòðè öè-
ëèíäðà, åñëè òåìïåðàòóðà âåðõíåãî è íèæíåãî îñíîâàíèé åñòü çàäàííàÿ
ôóíêöèÿ îò r, à áîêîâàÿ ïîâåðõíîñòü:

à) òåïëîèçîëèðîâàíà,
á) èìååò òåìïåðàòóðó, çàâèñÿùóþ òîëüêî îò z,
â) ñâîáîäíî îõëàæäàåòñÿ â ñðåäå íóëåâîé òåìïåðàòóðû.

4. Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî
òèïà

Â öèëèíäðè÷åñêîé îáëàñòè QT = {(t, x) | 0 < t < T, x ∈ Ω, (Ω ⊂ Em)}
ðàññìîòðèì óðàâíåíèå ãèïåðáîëè÷åñêîãî òèïà

utt = div (p(x)∇u)− q(x)u+ f(t, x), (4.1)

ãäå p(x) > 0, q(x) ≥ 0, f(t, x) � èçâåñòíûå ôóíêöèè.
Çàäàäèì íà÷àëüíûå óñëîâèÿ

u|t=0 = u0(x), ut|t=0 = u1(x), x ∈ Ω (4.2)

è ãðàíè÷íûå óñëîâèÿ

(αu+ β
∂u

∂n
)|ST = ϕ(t, x), (t, x) ∈ ST , ST = [0, T ]× ∂Ω, (4.3)

ãäå u0(x), u1(x), ϕ(t, x), α(x), β(x) � çàäàííûå ôóíêöèè,
n � âíåøíÿÿ åäèíè÷íàÿ íîðìàëü ê ST . Â ñëó÷àå α 6= 0, β 6= 0 çà-
äà÷ó (4.1) � (4.3) íàçûâàþò òðåòüåé êðàåâîé çàäà÷åé. Â ñëó÷àå α > 0,
β = 0, (4.1) � (4.3) � ïåðâàÿ êðàåâàÿ çàäà÷à, à â ñëó÷àå α = 0, β > 0,
(4.1) � (4.3) � âòîðàÿ êðàåâàÿ çàäà÷à.

Ôóíêöèÿ u(t, x) ∈ C2(QT ) ∩ C1(QT ) íàçûâàåòñÿ êëàññè÷åñêèì ðåøå-
íèåì çàäà÷è (4.1) � (4.3), åñëè îíà óäîâëåòâîðÿåò â QT óðàâíåíèþ (4.1),
ïðè t = 0 � íà÷àëüíûì óñëîâèÿì (4.2), à íà ST � ãðàíè÷íîìó óñëîâèþ
(4.3).

Çàìåòèì, ÷òî äëÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (4.1)
� (4.3) íåîáõîäèìî, ÷òîáû ôóíêöèè p(x), u0(x) áûëè íåïðåðûâíî äèô-
ôåðåíöèðóåìûìè íà Ω, ôóíêöèè q(x), u1(x) áûëè íåïðåðûâíûìè íà Ω,
ôóíêöèÿ f(t, x) íåïðåðûâíà â QT è âûïîëíÿëîñü óñëîâèå ñîãëàñîâàíèÿ

(αu0 + β
∂u0

∂n
)|∂Ω = ϕ(0, x). (4.4)
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Ïðèìåð 4.1. Íàéòè ðåøåíèå óðàâíåíèÿ

utt = a2uxx, (t, x) ∈ (0, T )× (0, l), (4.5)

óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ [0, l], (4.6)

u(t, 0) = u(t, l) = 0, 0 ≤ t ≤ T. (4.7)

Ðåøåíèå. Ñ÷èòàåì, ÷òî âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ:
u0(0) = 0, u0(l) = 0.

Áóäåì èñêàòü (íåðàâíîå òîæäåñòâåííî íóëþ) ðåøåíèå çàäà÷è (4.5) �
(4.7) â âèäå ïðîèçâåäåíèÿ äâóõ ôóíêöèé, îäíà èç êîòîðûõ çàâèñèò òîëüêî
îò x, à äðóãàÿ � òîëüêî îò t, òî åñòü u(t, x) = T (t)X(x). Ïîäñòàâëÿÿ ýòî
âûðàæåíèå â óðàâíåíèå (4.5), èìååì

T ′′(t)X(x) = a2T (t)X ′′(x),

îòêóäà, ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

T ′′

a2T
=
X ′′

X
.

Ïîñëåäíåå ðàâåíñòâî äâóõ îòíîøåíèé, îäíî èç êîòîðûõ çàâèñèò ëèøü
îò x, äðóãîå � ëèøü îò t, âîçìîæíî òîëüêî â ñëó÷àå, êîãäà îáà îòíîøåíèÿ
ðàâíû ïîñòîÿííîìó ÷èñëó, êîòîðîå îáîçíà÷èì ÷åðåç −λ: T ′′

a2T = X ′′

X = −λ,
îòêóäà

X ′′ + λX = 0, X(x) 6= 0, (4.8)

T ′′ + λa2T = 0, T (t) 6= 0. (4.9)

Èç ãðàíè÷íûõ óñëîâèé (4.7) ïîëó÷àåì

u(t, 0) = T (t)X(0) = 0, u(t, l) = T (t)X(l) = 0.

Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ X(x) äîëæíà óäîâëåòâîðÿòü äîïîëíèòåëü-
íûì óñëîâèÿì

X(0) = X(l) = 0, (4.10)
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òàê êàê èíà÷å ìû èìåëè áû T (t) ≡ 0 è u(t, x) ≡ 0.
Çàäà÷à (4.8), (4.10) � çàäà÷à Øòóðìà � Ëèóâèëëÿ, â êîòîðîé òðå-

áóåòñÿ íàéòè âñå çíà÷åíèÿ ïàðàìåòðà λ, ïðè êîòîðûõ ñóùåñòâóþò
íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è (4.8), (4.10), à òàêæå íàéòè ýòè ðå-
øåíèÿ. Òàêèå çíà÷åíèÿ ïàðàìåòðà λ íàçûâàþòñÿ ñîáñòâåííûìè çíà÷å-
íèÿìè, à ñîîòâåòñòâóþùèå èì ðåøåíèÿ � ñîáñòâåííûìè ôóíêöèÿìè.

Ðàññìàòðèâàÿ îòäåëüíî ñëó÷àè, êîãäà ïàðàìåòð λ îòðèöàòåëåí, ðàâåí
íóëþ èëè ïîëîæèòåëåí (ñì. ñ.85 [2]), íàõîäèì, ÷òî íåòðèâèàëüíûå ðåøå-
íèÿ çàäà÷è (4.8), (4.10) âîçìîæíû ëèøü ïðè çíà÷åíèÿõ λ = λk = (πkl )2,
k = 1, 2, . . . .

Ýòèì ñîáñòâåííûì çíà÷åíèÿì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè
Xk = sin(πkl x), k = 1, 2, . . . .

Ðàññìîòðåâ óðàâíåíèå (4.9) ïðè íàéäåííûõ λk, ïîëó÷àåì, ÷òî åãî ðå-
øåíèå èìååò âèä

Tk(t) = Ak cos(
aπk

l
t) +Bk sin(

aπk

l
t),

ãäå Ak, Bk � êîíñòàíòû.
Ôóíêöèè uk(t, x) = Tk · Xk = (Ak cos(aπkl t) + Bk sin(aπkl t)) · sin(πkl x),

k = 1, 2, . . . óäîâëåòâîðÿþò óðàâíåíèþ (4.5) è ãðàíè÷íûì óñëîâèÿì (4.7).
Â ñèëó ëèíåéíîñòè è îäíîðîäíîñòè óðàâíåíèÿ (4.5) ñóììà ÷àñòíûõ

ðåøåíèé uk(t, x)

u(t, x) =
∞∑
k=1

uk(x, t) =

∞∑
k=1

(Ak cos(
aπk

l
t) +Bk sin(

aπk

l
t)) · sin(

πk

l
x) (4.11)

òàêæå óäîâëåòâîðÿåò óðàâíåíèþ (4.5) è ãðàíè÷íûì óñëîâèÿì (4.7).
Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ñàì ðÿä è ðÿäû, ïîëó÷åííûå åãî ôîð-

ìàëüíûì äèôôåðåíöèðîâàíèåì ïî t è ïî x äâàæäû, ñõîäÿòñÿ ðàâíîìåðíî
â [0, T ]× [0, l].

Îñòàëîñü îïðåäåëèòü êîíñòàíòû Ak, Bk òàêèì îáðàçîì, ÷òîáû áûëè
âûïîëíåíû íà÷àëüíûå óñëîâèÿ (4.6). Äëÿ ýòîãî äîëæíû áûòü âûïîëíåíû
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ðàâåíñòâà

u(0, x) = u0(x) =
∞∑
k=1

uk(x, 0) =
∞∑
k=1

Ak sin πk
l x,

ut(0, x) = u1(x) =
∞∑
k=1

ukt(x, 0) =
∞∑
k=1

aπk
l Bk sin πk

l x.
(4.12)

Ïóñòü ôóíêöèè u0(x), u1(x) ðàçëàãàþòñÿ â ðÿä Ôóðüå ïî ñèñòåìå ôóíê-
öèé {sin πk

l x}, òî åñòü

u0(x) =
∞∑
k=1

αk sin
πk

l
x, u1(x) =

∞∑
k=1

βk sin
πk

l
x,

ãäå

αk =
2

l

l∫
0

u0(x) sin
πk

l
xdx, βk =

2

l

l∫
0

u1(x) sin
πk

l
x dx. (4.13)

Ñðàâíèâàÿ ðÿäû (4.13) ñ ðÿäàìè (4.12), ïðèõîäèì ê âûâî-
äó, ÷òî äëÿ âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé íóæíî ïîëîæèòü
Ak = αk, Bk = l

πkaβk.
Òîãäà ðÿä

u =
∞∑
k=1

(αk cos
aπk

l
t+

l

aπk
βk sin

aπk

l
t) sin

πk

l
x (4.14)

åñòü ðåøåíèå çàäà÷è (4.5) � (4.7).
Çàìå÷àíèå. ×òîáû ôîðìóëà (4.14) îïðåäåëÿëà êëàññè÷åñêîå ðåøå-

íèå çàäà÷è (4.5) � (4.7), äîñòàòî÷íî, ÷òîáû áûëè âûïîëíåíû ñëåäóþùèå
óñëîâèÿ:

� ïðîèçâîäíûå ôóíêöèè u0(x) äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî
íåïðåðûâíû, ïðîèçâîäíàÿ òðåòüåãî ïîðÿäêà êóñî÷íî � íåïðåðûâíà è

u0(0) = u0(l) = 0, u′′0(0) = u′′0(l) = 0;

� ôóíêöèÿ u1(x) íåïðåðûâíî äèôôåðåíöèðóåìà, èìååò êóñî÷íî
íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ è

u1(0) = u1(l).

Áîëåå ïîäðîáíî ñì. c. 92 � 96[2].
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Ïðèìåð 4.2. Íàéòè ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

utt = a2uxx + f(t, x), (t, x) ∈ (0, T )× (0, l) (4.5′)

óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ [0, l],

u(t, 0) = u(t, l) = 0, 0 ≤ t ≤ T.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå çàäà÷è â âèäå ðÿäà Ôóðüå

u(t, x) =
∞∑
k=1

uk(t) sin
πk

l
x, (4.15)

ñ÷èòàÿ, ÷òî f(t, x) =
∞∑
k=1

fk(t) sin πk
l x. Ïîäñòàâëÿÿ (4.15) â (4.5') è ó÷èòû-

âàÿ ðàçëîæåíèå f(t, x) â ðÿä Ôóðüå, ïîëó÷èì

∞∑
k=1

sin
πk

l
x(−a2(

πk

l
)2uk(t)− u′′k(t) + fk(t)) = 0.

Îòñþäà ñëåäóåò, ÷òî uk(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

u′′k(t) + a2(
πk

l
)2uk(t) = fk(t). (4.16)

Çäåñü fk(t) = 2
l

l∫
0
f(t, x) sin πk

l x dx.

Íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèè u(t, x), îïðåäåëÿåìîé ôîðìóëîé
(4.15), èìåþò âèä

u(0, x) =
∞∑
k=1

uk(0) sin πk
l x = u0(x) =

∞∑
k=1

αk sin πk
l x,

ut(t, x) =
∞∑
k=1

u′k(0) sin πk
l x = u1(x) =

∞∑
k=1

βk sin πk
l x,

ãäå αk, βk îïðåäåëÿþòñÿ ôîðìóëàìè (4.13).
Èç ïîñëåäíèõ ñîîòíîøåíèé ñëåäóåò, ÷òî uk(t) äîëæíà óäîâëåòâîðÿòü

óñëîâèÿì
uk(0) = αk, u′k(0) = βk. (4.17)
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Çàìåòèì, ÷òî ôóíêöèÿ uk(t) ïîëíîñòüþ îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè
(4.16), (4.17). Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è (4.5'), (4.6), (4.7) íàéäåíî.

Ïåðåéäåì ê ðàññìîòðåíèþ îáùåãî ñëó÷àÿ: óðàâíåíèå (4.5'), íà÷àëüíûå
óñëîâèÿ (4.6) è ãðàíè÷íûå óñëîâèÿ

u(t, 0) = µ1(t), u(t, l) = µ2(t). (4.7′)

Ðåøåíèå çàäà÷è (4.5'), (4.6), (4.7') áóäåì èñêàòü â âèäå

u(t, x) = v(t, x) + γ(t, x),

ãäå γ(t, x) ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû γ(t, 0) = µ1(t), γ(t, l) =
µ2(t). Â êà÷åñòâå γ(t, x) ìîæíî âçÿòü, íàïðèìåð, ôóíêöèþ γ(t, x) = µ1(t)
+ x

l (µ2(t)− µ1(t)).
Ôóíêöèÿ v(t, x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

vtt = a2vxx + f(t, x)− [γtt − a2γxx],
v(0, x) = u0(x)− γ(0, x), vt(0, x) = u1(x)− γt(0, x),

v(t, 0) = v(t, l) = 0.

Òàêèì îáðàçîì, îáùàÿ êðàåâàÿ çàäà÷à (4.5'), (4.6), (4.7') äëÿ ôóíêöèè
u(t, x) ñâåäåíà ê êðàåâîé çàäà÷å äëÿ ôóíêöèè v(t, x) ñ íóëåâûìè ãðàíè÷-
íûìè óñëîâèÿìè, ìåòîä ðåøåíèÿ êîòîðîé èçëîæåí âûøå.

Çàäà÷è è óïðàæíåíèÿ

Â ïîëóïîëîñå 0 < x < l, t > 0 äëÿ óðàâíåíèÿ utt = a2uxx ðåøèòü
çàäà÷è ñî ñëåäóþùèìè óñëîâèÿìè:

4.1. u(t, 0) = u(t, l) = 0, u(0, x) = 0, ut(0, x) = sin 2πx
l .

4.2. u(t, 0) = u(t, l) = 0, u(0, x) = ϕ(x), ut(0, x) = ψ(x).
4.3. u(t, 0) = ux(t, l) = 0, u(0, x) = sin5πx

2l , ut(0, x) = sin πx
2l .

4.4. u(t, 0) = ux(t, l) = 0, u(0, x) = x,
ut(0, x) = sin πx

2l + sin 3πx
2l .

4.5. ux(t, 0) = u(t, l) = 0, u(0, x) = cos πx
2l ,

ut(0, x) = cos 3πx
2l + cos 5πx

2l .
4.6. ux(t, 0) = ux(t, l) = 0, u(0, x) = x, ut(0, x) = 1.

Â ïîëóïîëîñå 0 < x < l, t > 0 ðåøèòü çàäà÷è äëÿ óðàâíåíèÿ
utt = a2uxx + f(t, x) c íà÷àëüíûìè óñëîâèÿìè u(0, x) = ut(0, x) =
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0 è ñëåäóþùèìè êðàåâûìè óñëîâèÿìè (A=const) è ïðàâûìè
÷àñòÿìè:

4.7. u(t, 0) = u(t, l) = 0, f(t, x) = Ae−t sin πx
l .

4.8. ux(t, 0) = u(t, l) = 0, f(t, x) = Ae−t cos πx
2l .

Íàéòè ðåøåíèÿ çàäà÷:

4.9. utt = a2uxx + b · shx, 0 < x < l, t > 0, b = const,
u(t, 0) = u(t, l) = u(0, x) = ut(0, x) = 0.

4.10. utt = uxx + x(x− l)t2, 0 < x < l, t > 0, u(t, 0) = u(t, l) = 0
u(0, x) = ut(0, x) = 0.

4.11. utt = uxx, 0 < x < π, t > 0, u(t, 0) = t2, u(t, π) = t3,

u(0, x) = sin x, ut(0, x) = 0.
4.12. utt = uxx, 0 < x < π, t > 0, u(t, 0) = t, ux(t, π) = 1,

u(0, x) = sin x
2 , ut(0, x) = 1.

4.13. uxx = utt, 0 < x < l, t > 0; u|x=0 = 0, u|x=l = t;
u|t=0 = ut|t=0 = 0.

4.14. uxx = utt, 0 < x < 1, t > 0; u|x=0 = t+ 1, u|x=1 = t3 + 2;
u|t=0 = x+ 1, ut|t=0 = 0.

4.15. utt = uxx − 4u, 0 < x < 1, t > 0; u|x=0 = u|x=1 = 0;
u|t=0 = x2 − x, ut|t=0 = 0.

4.16. utt + 2ut = uxx − u, 0 < x < π, t > 0; u|x=0 = u|x=π = 0;
u|t=0 = πx− x2, ut|t=0 = 0.

4.17. utt + 2ut = uxx − u, 0 < x < π, t > 0; ux|x=0 = 0;
u|x=π = 0; u|t=0 = 0, ut|t=0 = x.

4.18. utt + ut = uxx, 0 < x < 1, t > 0; u|x=0 = t; u|x=1 = 0;
u|t=0 = 0, ut|t=0 = 1− x.

4.19. utt = uxx + u, 0 < x < 2, t > 0; u|x=0 = 2t,
u|x=2 = 0, u|t=0 = ut|t=0 = 0.

4.20. utt = uxx + u, 0 < x < l, t > 0; u|x=0 = 0, u|x=l = t;
u|t=0 = 0, ut|t=0 = x

l .
4.21. utt = uxx + x, 0 < x < π, t > 0; u|x=0 = u|x=π = 0;

u|t=0 = sin 2x, ut|t=0 = 0.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.
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4.22.∗ Â ïîëóïîëîñå 0 < x < l, t > 0 äëÿ óðàâíåíèÿ utt = a2uxx ðåøèòü
çàäà÷ó ñî ñëåäóþùèìè óñëîâèÿìè:
ux(t, 0) = ux(t, l) + hu(t, l) = 0, u(0, x) = 0, ut(0, x) = 1.

4.23.∗ Îäíîðîäíàÿ ñòðóíà, çàêðåïëåííàÿ íà êîíöàõ x = 0,
x = l, èìåþùàÿ â íà÷àëüíûé ìîìåíò âðåìåíè ôîðìó u(0, x) =
16
5 h
[(

x
l

)4 − 2
(
x
l

)3
+ x

l

]
, ãäå h � äîñòàòî÷íî ìàëîå ÷èñëî, íà÷àëà êîëå-

áàòüñÿ áåç íà÷àëüíîé ñêîðîñòè. Íàéòè ñâîáîäíûå êîëåáàíèÿ ñòðóíû.

Íàéòè ðåøåíèÿ çàäà÷

4.24.∗ utt = a2 1
r
∂
∂r

(
r∂u∂r
)
, 0 < r < R, t > 0,

|u(t, 0)| <∞, u(t, R) = 0, u(0, r) = ϕ(r),
ut(0, r) = ψ(r).

4.25.∗ utt = a2 1
r
∂
∂r

(
r∂u∂r
)
, 0 < r < R, t > 0,

|u(t, 0)| <∞, u(t, R) = U sinωt, u(0, r) = ut(0, r) = 0,
U − const.

5. Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî
òèïà

Ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè

ut = div(p(x)∇u)− q(x)u+ f(t, x), x ∈ Ω ⊂ Em, t ∈ (0, T ),

ãäå p(x) > 0, q(x) ≥ 0, f(t, x) - çàäàííûå ôóíêöèè. Åñëè
p(x) �ïîñòîÿííàÿ, òî óðàâíåíèå ïðèìåò âèä

ut = a2∆u− q(x)u+ f(t, x), x ∈ Ω ⊂ Em, t ∈ (0, T ),

ãäå ∆ =
m∑
k=1

∂2

∂x2
k
� îïåðàòîð Ëàïëàñà, a =

√
p.

Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñòàâÿòñÿ ñëåäóþ-
ùèì îáðàçîì:

íàéòè ôóíêöèþ u(t, x) ∈ C2(QT ) ∩ C1(QT ), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ â îáëàñòè QT = (0, T )× Ω, íà÷àëüíîìó óñëîâèþ

u|t=0 = u0(x), x ∈ Ω

è ãðàíè÷íîìó óñëîâèþ(
αu+ β

∂u

∂n

)∣∣∣∣
ST

= ϕ(t, x), ST = [0, T ]× ∂Ω,
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ãäå α(x) ≥ 0, β(x) ≥ 0, ϕ(t, x) � çàäàííûå ôóíêöèè íà ST , n � âíåøíÿÿ
íîðìàëü ê ST .

Â ýòîì ñëó÷àå ôóíêöèÿ u(t, x) íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì
êðàåâîé çàäà÷è. Åñëè çàäàíà ïåðâàÿ êðàåâàÿ çàäà÷à, òî äîñòàòî÷íî, ÷òî-
áû ôóíêöèÿ u(t, x) ∈ C2(QT ) ∩ C(QT ).

1. Â ñëó÷àå α = 1, β = 0 èìååì êðàåâûå óñëîâèÿ ïåðâîãî ðîäà (ïåðâàÿ
êðàåâàÿ çàäà÷à).

2. Â ñëó÷àå α = 0, β = 1 èìååì êðàåâûå óñëîâèÿ âòîðîãî ðîäà (âòîðàÿ
êðàåâàÿ çàäà÷à).

3. Â ñëó÷àå α 6= 0, β 6= 0 èìååì êðàåâûå óñëîâèÿ òðåòüåãî ðîäà (òðå-
òüÿ êðàåâàÿ çàäà÷à).

Åñëè âûïîëíåíû íåîáõîäèìûå óñëîâèÿ ãëàäêîñòè

p(x) ∈ C1(Ω), q(x) ∈ C(Ω), f(t, x) ∈ C(QT ),

u0(x) ∈ C1(Ω), ϕ(t, x) ∈ C(ST ),

è óñëîâèå ñîãëàñîâàíèÿ(
αu0 + β

∂u0

∂n

)∣∣∣∣
∂Ω

= ϕ(0, x),

òî êðàåâàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå [2].

Ïðèìåð 5.1. Íàéòè ðåøåíèå óðàâíåíèÿ

ut = uxx, (t, x) ∈ (0, T )× (0, l),

óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, x) = u0(x), x ∈ [0, l],

ux(t, 0) = 0, ux(t, l) = 0, 0 ≤ t ≤ T.

Ðåøåíèå. Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà

u(t, x) =
∞∑
k=1

Tk(t)Xk(x),

ãäå Xk(x) � ðåøåíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ

X ′′(x) + λX(x) = 0, x ∈ (0, l),
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X ′(0) = 0, X ′(l) = 0.

Äëÿ ôóíêöèé Tk(t) áóäåì èìåòü óðàâíåíèÿ

T ′k(t) + λkTk(t) = 0, t > 0.

Ðåøåíèå u(t, x) çàïèñûâàåòñÿ â âèäå

u(t, x) =
∞∑
k=0

αke
−λktXk(x),

ãäå α0 = 1
l

l∫
0
u0(x) dx, αk = 2

l

l∫
0
u0(x) cos πk

l x dx, Xk(x) = sin
(
πk
l x
)
, λk =(

πk
l

)2
, k = 1, 2, ....

Ïîäñòàâëÿÿ ýòîò ðÿä â èñõîäíîå óðàâíåíèå è ó÷èòûâàÿ ðàçëîæåíèå
f(t, x) â ðÿä Ôóðüå, ïîëó÷èì

∞∑
k=1

sin
πk

l
x(−a2(

πk

l
)2uk(t)− u′′k(t) + fk(t)) = 0.

Îòñþäà ñëåäóåò, ÷òî uk(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

u′′k(t) + a2(
πk

l
)2uk(t) = fk(t).

Çäåñü fk(t) = 2
l

l∫
0
f(t, x) sin πk

l x dx.

Åñëè ãðàíè÷íûå óñëîâèÿ íåîäíîðîäíû, òî íåîáõîäèìî âûïîëíèòü çà-
ìåíó èñêîìîé ôóíêöèè òàê, ÷òîáû ãðàíè÷íûå óñëîâèÿ äëÿ íåå áûëè îä-
íîðîäíûìè.

Ïðèìåð 5.2. Íàéòè ðåøåíèå ïåðâîé êðàåâîé çàäà÷è

ut = a2uxx, 0 < x < l, t > 0,

u(0, x) = Ax/l, u(t, 0) = 0, u(t, l) = Ae−t, A = const.

Ðåøåíèå. Íàì íóæíî íàéòè ðåøåíèå ïåðâîé êðàåâîé çàäà÷è äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ãðàíè÷íûå óñëîâèÿ íåîäíîðîäíûå, ïîýòî-
ìó ââåäåì íîâóþ ôóíêöèþ v(t, x) òàê, ÷òî u(t, x) = v(t, x) + x

lAe
−t. Äëÿ

íîâîé ôóíêöèè èìååì çàäà÷ó ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè

vt = a2vxx +
x

l
Ae−t, 0 < x < l, t > 0,
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v(0, x) = 0, v(t, 0) = 0, v(t, l) = 0, A = const.

Çàäà÷à Øòóðìà - Ëèóâèëëÿ, ñîîòâåòñòâóþùàÿ ðàññìàòðèâàåìîé êðà-
åâîé çàäà÷å, èìååò âèä

X ′′(x) + λX(x) = 0, x ∈ (0, l),

X(0) = 0, X(l) = 0.

Íåòðèâèàëüíîå ðåøåíèå ïîëó÷åííîé çàäà÷è âîçìîæíî òîëüêî ïðè λ >
0, ïðè ýòîì

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx),

ïîäñòàâëÿÿ êðàåâûå óñëîâèÿ

X(0) = c2 = 0,

X(l) = c1 sin(
√
λl) = 0,

ïîëó÷àåì
√
λl = πk, k = 1, 2, ... è

Xk(x) = ck sin(
πk

l
x).

Ðåøåíèå èùåì â âèäå ðÿäà

v(t, x) =
∞∑
k=1

Tk(t)Xk(x),

ãäå Xk(x) � ðåøåíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ
×òîáû ïîëó÷èòü óðàâíåíèå äëÿ Tk(t), ðàçëîæèì ôóíêöèþ x

lAe
−t â ðÿä

Ôóðüå ïî ñèñòåìå ôóíêöèé {sin(πkl x)} (k = 1, 2, ...) íà îòðåçêå (0, l).

x

l
Ae−t =

∞∑
k=1

bk sin(
πk

l
x),

ãäå bk = 2
l

l∫
0

x
lAe

−t sin(πkl x) dx = 2Ae−t
l2

l∫
0
x sin(πkl x) dx = (ïî ÷àñòÿì) = 2Ae−t

l2

·
(
−x l

kπ cos(πkl x)
)∣∣l

0 +
l∫

0

l
kπ cos(πkl x) dx = −2Ae−t

kπ cos(πk) = (−1)k+1 2Ae−t
kπ ,

k = 1, 2, . . . .
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Ïîäñòàâëÿÿ ôóíêöèþ v(t, x), îïðåäåëåííóþ âûøå â âèäå ðÿäà Ôóðüå,
è ðàçëîæåíèå â ðÿä Ôóðüå ôóíêöèè x

lAe
−t â óðàâíåíèå, ïîëó÷èì

∞∑
k=1

(
T ′k + a2Tk

(kπ)2

l2

)
sin(

πk

l
x) =

∞∑
k=1

(−1)k+1 2Ae−t

kπ
sin(

πk

l
)x.

Â ñèëó åäèíñòâåííîñòè ðàçëîæåíèÿ ôóíêöèè â ðÿä Ôóðüå

T ′k + a2 (kπ)2

l2
Tk = (−1)k+1 2Ae−t

kπ
.

Ýòî ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, åãî ðå-
øåíèå (ïðè (akπ)2 6= l2)

Tk(t) = (−1)k+1 2A

kπ

l2

(akπ)2 − l2
e−t + cke

−(akπl )
2
t,

è

v(t, x) =
∞∑
k=1

(
(−1)k+1 2A

kπ

l2

(akπ)2 − l2
e−t + cke

−(akπl )
2
t

)
sin

kπ

l
x = 0.

Ó÷èòûâàÿ íà÷àëüíîå óñëîâèå äëÿ v(t, x), ïîëó÷èì

v(0, x) =
∞∑
k=1

Tk(0)Xk(x) =

∞∑
k=1

(
(−1)k+1 2A

kπ

l2

(akπ)2 − l2
+ ck

)
sin

kπ

l
x = 0.

Îòêóäà Tk(0) = (−1)k+1 2A
kπ

l2

(akπ)2−l2 + ck = 0.

Òàêèì îáðàçîì, ck = (−1)k 2A
kπ

l2

(akπ)2−l2 è ðåøåíèå èñõîäíîé çàäà÷è èìå-
åò âèä

u(t, x) =
Axe−t

l
+

2Al2

π

∞∑
k=1

(−1)k+1
[
e−(akπl )2 − e−t

]
k(k2π2a2 − l2)

sin
kπx

l
.

Çàäà÷è è óïðàæíåíèÿ
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Â ïîëóïîëîñå 0 < x < l, t > 0 íàéòè ðåøåíèÿ óðàâíåíèÿ ut =
a2uxx ñî ñëåäóþùèìè óñëîâèÿìè:

5.1. u(t, 0) = u(t, l) = 0, u(0, x) = Ax, A = const.
5.2. ux(t, 0) = u(t, l) = 0, u(0, x) = A(l − x).
5.3. ux(t, 0) = ux(t, l) = 0, u(0, x) = U = const.

Íàéòè ðåøåíèÿ çàäà÷:

5.4. ut = α2uxx − βu, β = const, 0 < x < l, t > 0,
u(t, 0) = ux(t, l) = 0, u(0, x) = sin πx

2l .
5.5. ut = a2uxx, 0 < x < l, t > 0, ux(t, 0) = ux(t, l) = q,

u(0, x) = Ax, A, q = const.
5.6. ut = α2uxx − βu+ sin πx

l , 0 < x < l, t > 0, β = const,
u(t, 0) = u(t, l) = u(0, x) = 0.

5.7. ut = a2uxx, 0 < x < l, t > 0, u(t, 0) = 0,
ux(t, l) = Ae−t, u(0, x) = T,A, T = const.

5.8. ut = a2uxx, 0 < x < l, t > 0, u(0, x) = cx(l−x)
l2 ,

u(t, 0) = u(t, l) = 0, c = const.
5.9. ut = a2uxx + Aω(xl − 1) cos(ωt), 0 < x < l, t > 0,

u(t, 0) = u(t, l) = 0, u(0, x) = 0, A, ω = const.
5.10. ut = 36uxx + π

10 cos πx
2 , 0 < x < 2, t > 0, u(0, x) = 0,

u(t, 0) = 0, ux(t, 2) = 0.
5.11. ut = 3uxx − 6u, 0 < x < 2, t > 0, u(0, x) = x2 − 3x

2 + 1,
u(t, 0) = 1, u(t, 2) = 2.

5.12. ut = uxx + u+ 2 sin 2x sinx, 0 < x < π
2 ,

ux|x=0 = u|x=π
2

= 0, u|t=0 = 0.
5.13. ut = uxx − 2ux + x+ 2t, 0 < x < 1, u|x=0 = 0, u|x=1 = t,

u|t=0 = ex sin πx.
5.14. ut = uxx + u− x+ 2 sin 2x cosx, 0 < x < π

2 , u|x=0 = 0,
ux|x=π

2
= 1, u|t=0 = x.

5.15. ut = uxx + 4u+ x2 − 2t− 4x2t+ 2 cos2 x, 0 < x < π,
ux|x=0 = 0, ux|x=π = 2πt, u|t=0 = 0.

5.16. ut − uxx + 2ux − u = ex sinx− t, 0 < x < π, u|x=0 = 1 + t,
u|x=π = 1 + t, u|t=0 = 1 + ex sin 2x.

5.17. ut − uxx − u = xt(2− t) + 2 cos t, 0 < x < π, ux|x=0 = t2,
ux|x=π = t2, u|t=0 = cos 2x.
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5.18. ut − uxx − 9u = 4 sin2 t cos 3x− 9x2 − 2, 0 < x < π,
ux|x=0 = 0, ux|x=π = 2π, u|t=0 = x2 + 2.

5.19. ut = uxx + 6u+ 2t(1− 3t)− 6x+ 2 cosx cos 2x,
0 < x < π

2 ,
ux|x=0 = 1, u|x=π

2
= t2 + π

2 , u|t=0 = x.
5.20. ut = uxx + 6u+ x2(1− 6t)− 2(t+ 3x) + sin 2x,

0 < x < π,
ux|x=0 = 1, ux|x=π = 2πt+ 1, u|t=0 = x.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.

5.21.∗ ut = a2(urr + 2
rur), 0 < r < R, t > 0,

u(0, r) = f(r), (ur + hu)|r=R = 0, h = const > 0,
|u| <∞.

5.22.∗ ut = a2uxx, 0 < x < l, t > 0,
u(0, x) = f(x), u(t, 0) = 0, (ux + hu)|x=l = 0,
h = const > 0.

5.23.∗ ut = a2uxx + Q
c , −R < x < R, t > 0,

u(0, x) = 0, u(t,±R) = 0, Q, c = const > 0.
5.24.∗ ut = a2uxx, 0 < x < l, t > 0, u(0, x) = 0,

u(t, 0) = T, ux(t, l) + hu(t, l) = U, T, U, h = const.

6. Çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ

Êëàññè÷åñêîé çàäà÷åé Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ íàçûâàåòñÿ çà-
äà÷à î íàõîæäåíèè ôóíêöèè u(t, x) êëàññà C2(t > 0)

⋂
C1(t ≥ 0), óäî-

âëåòâîðÿþùåé ïðè t > 0 óðàâíåíèþ

utt = a2∆u+ f(t, x) (6.1)

è íà÷àëüíûì óñëîâèÿì

u|t=0 = u0(x), ut|t=0 = u1(x), (6.2)

ãäå f(t, x), u0(x), u1(x) � çàäàííûå ôóíêöèè.
Åñëè âûïîëíÿþòñÿ óñëîâèÿ

f ∈ C1(t ≥ 0), u0 ∈ C2(E1), u1 ∈ C1(E1), m = 1;

f ∈ C2(t ≥ 0), u0 ∈ C3(Em), u1 ∈ C2(Em), m = 2, 3,
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òî ðåøåíèå çàäà÷è Êîøè (6.1)�(6.2) ñóùåñòâóåò, åäèíñòâåííî è âûðàæà-
åòñÿ:

ôîðìóëîé Äàëàìáåðà

u(t, x) = 1
2 [u0(x+ at) + u0(x− at)] + 1

2a

x+at∫
x−at

u1(ξ)dξ+

+ 1
2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(τ, ξ)dξdτ

ïðè m=1;
ôîðìóëîé Ïóàññîíà

u(t, x) =
1

2πa

∂

∂t

∫
|ξ−x|<at

u0(ξ)dξ√
a2t2 − |ξ − x|2

+

+
1

2πa

∫
|ξ−x|<at

u1(ξ)dξ√
a2t2 − |ξ − x|2

+

+
1

2πa

t∫
0

∫
|ξ−x|<a(t−τ)

f(τ, ξ)dξdτ√
a2(t− τ)2 − |ξ − x|2

ïðè m=2;
ôîðìóëîé Êèðõãîôà

u(t, x) =
1

4πa2

∂

∂t

1

t

∫
|ξ−x|=at

u0(ξ)dS

+
1

4πa2t

∫
|ξ−x|=at

u1(ξ)dS

+
1

4πa2

∫
|ξ−x|<at

1

|ξ − x|
f(t− |ξ − x|

a
, ξ)dξ

ïðè m=3.
Çàìå÷àíèå. Èíîãäà äëÿ ðåøåíèÿ çàäà÷ Êîøè ñ íà÷àëüíûìè äàííû-

ìè ñïåöèàëüíîãî âèäà óäîáíåå èñïîëüçîâàòü ìåòîä ðàçäåëåíèÿ ïåðåìåí-
íûõ.

Ïðèìåð 6.1. Ðåøèòü çàäà÷ó

utt = ∆u+ 3(xy2 − x2y + z2(x− y))t,
u|t=0 = x2 − y2, ut|t=0 = sinx cos(y + 3z),
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ãäå ∆ = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 � îïåðàòîð Ëàïëàñà.

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå çàäà÷è â âèäå u = w(t, x, y, z) +
v(t, x, y, z), ãäå w åñòü ðåøåíèå çàäà÷è

wtt = ∆w + 3(xy2 − x2y + z2(x− y))t,
w|t=0 = x2 − y2, wt|t=0 = 0,

(6.3)

à v � ðåøåíèå çàäà÷è

vtt = ∆v, v|t=0 = 0, vt|t=0 = sinx cos(y + 3z). (6.4)

Òàê êàê ôóíêöèè xy2 − x2y + z2(x − y) è x2 − y2 ãàðìîíè÷åñêèå, òî
âîñïîëüçóåìñÿ ðåçóëüòàòîì çàäà÷è 6.2 (ñì. çàäàíèÿ íèæå)

w(t, x, y, z) = x2 − y2 + 6(xy2 − x2y + z2(x− y))
t∫

0
(t− τ)τ dτ =

= x2 − y2 + t3(xy2 − x2y + z2(x− y)).

Ðåøåíèå çàäà÷è (6.4) áóäåì èñêàòü â âèäå v(t, x, y, z) =
T (t)X(x)G(y, z). Òîãäà vt|t=0 = T ′(0)X(x)G(y, z) = sinx cos(y+3z). Ñëå-
äîâàòåëüíî, T ′(0) = 1, X(x) = sin x, G(y, z) = cos(y + 3z) è ôóíêöèÿ v
èìååò âèä v(t, x, y, z) = T (t) sinx cos(y + 3z). Ïîäñòàâëÿÿ v â óðàâíåíèå
è ðàññìàòðèâàÿ äëÿ v íà÷àëüíîå óñëîâèå ïðè t = 0, ïîëó÷èì, ÷òî T (t)
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

T ′′ = 11T, T (0) = 0, T ′(0) = 1.

Íàéäåì ýòî ðåøåíèå T (t) = 1√
11

sin
√

11t, v(t, x, y, z) = 1√
11

sin
√

11t

· sinx cos(y + 3z) è ðåøåíèåì èñõîäíîé çàäà÷è áóäåò ôóíêöèÿ

u(t, x, y, z) = w + v = x2 − y2 + t3(xy2 − x2y + z2(x− y))+

+
1√
11

sin
√

11t sinx cos(y + 3z).

Çàäà÷è è óïðàæíåíèÿ

6.1. Ïóñòü ôóíêöèÿ u(t, x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

utt = a2∆u; u|t=0 = ϕ(x), ut|t=0 = 0.
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Äîêàçàòü,÷òî ôóíêöèÿ v(t, x) =
t∫

0
u(τ, x)dτ áóäåò ðåøåíèåì çàäà÷è

Êîøè

vtt = a2∆v; v|t=0 = 0, vt|t=0 = ϕ(x).

6.2. Äîêàçàòü,÷òî åñëè ôóíêöèè h(x), u0(x), u1(x)− ãàðìîíè÷åñêèå â
Em, à g(t) ∈ C1(t ≥ 0),òî ðåøåíèå çàäà÷è Êîøè utt = a2∆u +
g(t)h(x), u|t=0 = u0(x), ut|t=0 = u1(x) âûðàæàåòñÿ ôîðìóëîé

u(t, x) = u0(x) + tu1(x) + h(x)

∫ t

0
(t− τ)g(τ)dτ.

Óêàçàíèå. Ôóíêöèÿ f(x) ∈ C2(Ω) íàçûâàåòñÿ ãàðìîíè÷åñêîé â îáëàñòè
Ω ⊂ Em èçìåíåíèÿ àðãóìåíòà x, åñëè âåðíî ðàâåíñòâî ∆u(x) = 0 äëÿ
ëþáîãî x ∈ Ω.

6.3. Äîêàçàòü,÷òî åñëè u0(x) =
m∑
i=1

ui0(xi), u1(x) =
m∑
i=1

ui1(xi),

ui0(xi) ∈ C2(R1), ui1(xi) ∈ C1(R1), f(t, x) ≡ 0, òî ðåøåíèå çàäà÷è Êî-
øè

utt = a2∆u; u|t=0 = u0(x), ut|t=0 = u1(x)

åñòü ñóììà ðåøåíèé îäíîìåðíûõ çàäà÷, êîòîðûå íàõîäÿòñÿ ïî ôîðìóëå
Äàëàìáåðà ïðè f=0.
6.4. Ïîêàçàòü, ÷òî åñëè b(x1) ∈ C2(R1), à g(x2, x3)− ãàðìîíè÷åñêàÿ
ôóíêöèÿ,òî ðåøåíèå çàäà÷è Êîøè

utt = a2∆u; u|t=0 = b(x1)g(x2, x3), ut|t=0 = 0

îïðåäåëÿåòñÿ âûðàæåíèåì

u(t, x1, x2, x3) =
1

2
g(x2, x3)[b(x1 + at) + b(x1 − at)].

6.5. Ïóñòü ôóíêöèÿ u(t, t0, x) ïðè êàæäîì ôèêñèðîâàííîì
t0 ≥ 0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

utt = a24u, u|t=t0 = 0, ut|t=t0 = f(t0, x).

Äîêàçàòü, ÷òî ôóíêöèÿ v(t, t0, x) =
∫ t
t0
u(t, τ, x)dτ áóäåò ðåøåíèåì çàäà÷è

Êîøè
vtt = a24v + f(t, x); v|t=t0 = 0, vt|t=t0 = 0.
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Ðåøèòü çàäà÷è (m=1)

6.6. utt = uxx + 6; u|t=0 = x2, ut|t=0 = 4x.
6.7. utt = 4uxx + xt; u|t=0 = x2, ut|t=0 = x.
6.8. utt = uxx + sinx; u|t=0 = sinx, ut|t=0 = 0.
6.9. utt = uxx + ex; u|t=0 = sinx, ut|t=0 = x+ cosx.
6.10. utt = 9uxx + sinx; u|t=0 = 1, ut|t=0 = 1.
6.11. utt = a2uxx + sinωx; u|t=0 = 0, ut|t=0 = 0.
6.12. utt = a2uxx + sinωt; u|t=0 = 0, ut|t=0 = 0.

Ðåøèòü çàäà÷è (m=2)

6.13. utt = 4u+ 2; u|t=0 = x, ut|t=0 = y.
6.14. utt = 4u+ 6xyt; u|t=0 = x2 − y2, ut|t=0 = xy.
6.15. utt = 4u+ x3 − 3xy2; u|t=0 = ex cos y, ut|t=0 = ey sinx.
6.16. utt = 4u+ t sin y; u|t=0 = x2, ut|t=0 = sin y.
6.17. utt = 24u; u|t=0 = 2x2 − y2, ut|t=0 = 2x2 + y2.
6.18. utt = 34u+ x3 + y3; u|t=0 = x2, ut|t=0 = y2.
6.19. utt = 4u+ e3x+4y; u|t=0 = ut|t=0 = e3x+4y.
6.20. utt = a24u+ et(x2 − y2); u|t=0 = ut|t=0 = 0.
6.21. utt = 4u; u|t=0 = x2y, ut|t=0 = xy2.

Ðåøèòü çàäà÷è (m=3)

6.22. utt = 4u+ 2xyz; u|t=0 = x2 + y2 − 2z2, ut|t=0 = 1.
6.23. utt = 84u+ t2x2; u|t=0 = y2, ut|t=0 = z2.
6.24. utt = 34u+ 6r2; u|t=0 = x2y2z2, ut|t=0 = xyz, r2 = x2 + y2 + z2.
6.25. utt = 4u+ 6tex

√
2 sin y cos z; u|t=0 = ex+y cos z

√
2,

ut|t=0 = e3y+4z sin 5x.
6.26. utt = 4u; u|t=0 = x2 + y2 + z2, ut|t=0 = xy.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.

6.27.∗ Íàéòè ðåøåíèå çàäà÷è Êîøè

utt = a24u+ f(x), u|t=0 = u0(x), ut|t=0 = u1(x),

åñëè 4Nf = 0, 4Nu0 = 0, 4Nu1 = 0. Çäåñü 4N = 4 . . .4︸ ︷︷ ︸
N

.
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6.28.∗ Óáåäèòüñÿ â òîì, ÷òî åñëè â çàäà÷å Êîøè

utt = a2uxx + f(t, x), −∞ < x <∞, t > 0;

u(0, x) = ut(0, x) = 0, ,−∞ < x <∞
ôóíêöèÿ f(t, x) îòíîñèòåëüíî x íå÷åòíàÿ, òî u(t, 0) = 0, à åñëè îíà ÷åò-
íàÿ, òî ux(t, 0) = 0.
6.29.∗ Äëÿ ðåøåíèÿ óðàâíåíèÿ utt = −uxx ïîñòðîèòü ðåøåíèå u(t, x)
çàäà÷è Êîøè

u(0, x) = 0, ut(0, x) =
sin(kx)

k
è ïîêàçàòü íåóñòîé÷èâîñòü ïîëó÷åííîãî ðåøåíèÿ (ïðèìåð Àäàìàðà).
6.30.∗ Ïîêàçàòü, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ utt = 4u, çàâèñÿùåå
òîëüêî îò r è t, èìååò âèä

u(t, r) = (f(r + t) + g(r − t))/r, r 6= 0,

ãäå f, g ∈ C2, r2 = x2
1 + x2

2 + x2
3. Ýòè ðåøåíèÿ íàçûâàþòñÿ ñôåðè÷åñêèìè

âîëíàìè.

7. Çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

Çàäà÷à íàõîæäåíèÿ ôóíêöèè u(t, x) ∈ C2(t > 0) ∩ C(t ≥ 0), óäîâëå-
òâîðÿþùåé ïðè x ∈ Em, t > 0 óðàâíåíèþ

ut = a2∆u+ f(t, x)

è íà÷àëüíîìó óñëîâèþ
u(0, x) = u0(x),

ãäå f(t, x) è u0(x) � çàäàííûå ôóíêöèè, íàçûâàåòñÿ êëàññè÷åñêîé çàäà-
÷åé Êîøè.

Åñëè ôóíêöèÿ f(t, x) ∈ C2(t > 0) è âñå åå ïðîèçâîäíûå äî âòîðîãî
ïîðÿäêà âêëþ÷èòåëüíî îãðàíè÷åíû â êàæäîé ïîëîñå 0 ≤ t ≤ T , à ôóíê-
öèÿ u0(x) ∈ C(Em) è îãðàíè÷åíà, òî ðåøåíèå çàäà÷è Êîøè â êëàññå
ôóíêöèé u(t, x), îãðàíè÷åííûõ â êàæäîé ïîëîñå 0 ≤ t ≤ T , ñóùåñòâóåò,
åäèíñòâåííî è âûðàæàåòñÿ ôîðìóëîé Ïóàññîíà

u(t, x) = 1
(2a
√
πt)m

∫
Rm

u0(ξ)e
− |x−ξ|

2

4a2t dξ+

t∫
0

∫
Rm

f(τ, ξ)

[2a
√
π(t− τ)]m

e
− |x−ξ|2

4a2(t−τ) dξ dτ.
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Çàìå÷àíèå. Ïðè ðåøåíèè çàäà÷è Êîøè èíîãäà óäîáíåå ïîëüçîâàòüñÿ
ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, à òàêæå ðåçóëüòàòàìè íèæåïðèâåäåí-
íûõ çàäà÷.

Ïðèìåð 7.1. Íàéòè ðåøåíèå çàäà÷è Êîøè

ut(t, x) = a2uxx(t, x) + etchx, u(0, x) = chx.

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ u(t, x) ïðåäñòàâèìà â âèäå
u(t, x) = T (t)X(x). Òîãäà èç íà÷àëüíîãî óñëîâèÿ u(0, x) = T (0)X(x) =
chx ìîæíî ñäåëàòü ïðåäïîëîæåíèå, ÷òî X(x) = chx, à T (0) = 1. Ïåðåïè-
øåì èñõîäíîå óðàâíåíèå:

T ′(t) · chx = a2T (t) · chx+ etchx

èëè
T ′(t) = a2T (t) + et.

Ðåøàÿ çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ,
ïîëó÷èì, ÷òî ïðè a2 = 1 ôóíêöèÿ u(t, x) = (t + 1)etchx, à ïðè a2 6= 1
ôóíêöèÿ u(t, x) = 1

1−a2 (et − a2ea
2t)chx.

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ëåãêî óáåäèòüñÿ, ÷òî íàéäåííàÿ
ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è.

Çàäà÷è è óïðàæíåíèÿ

7.1. Ïóñòü ôóíêöèÿ w(t, t0, x) ïðèíàäëåæèò êëàññó C2 ïðè x ∈ Em,
t ≥ t0 ≥ 0. Äîêàçàòü,÷òî ôóíêöèÿ w(t, t0, x) ïðè êàæäîì t0 ≥ 0 ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è Êîøè wt = a24w, w|t=t0 = f(t0, x) òîãäà è òîëüêî òî-

ãäà, êîãäà ôóíêöèÿ v(t, t0, x) =
t∫
t0

w(t, τ, x)dτ ïðè êàæäîì t0 ≥ 0 ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è Êîøè vt = a24v + f(t, x), v|t=t0 = 0.

7.2. Ïîêàçàòü, ÷òî åñëè uk(t, xk) � ðåøåíèå çàäà÷è Êîøè

(uk)t = a24(uk), uk|t=0 = fk(xk), k = 1,m,
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òî ôóíêöèÿ u(t, x) =
m∏
k=1

uk(t, xk) áóäåò ðåøåíèåì çàäà÷è Êîøè

ut = a24u, u|t=0 =
m∏
k=1

fk(xk).

7.3. Ïóñòü ôóíêöèÿ f(t, x) ∈ C2(t ≥ t0) ÿâëÿåòñÿ ãàðìîíè÷åñêîé ïî õ
ïðè êàæäîì ôèêñèðîâàííîì t ≥ t0. Äîêàçàòü, ÷òî ôóíêöèÿ u(t, x) =
t∫
t0

f(τ, x)dτ åñòü ðåøåíèå çàäà÷è Êîøè

ut = a24u+ f(t, x), u|t=t0 = 0.

Ðåøèòü çàäà÷è (m=1)

7.4. ut = 4uxx + t+ et, u|t=0 = 2.
7.5. ut = uxx + 3t2, u|t=0 = sinx.
7.6. ut = uxx + e−t cosx, u|t=0 = cosx.
7.7. ut = uxx + et sinx, u|t=0 = sinx.
7.8. ut = uxx + sin t, u|t=0 = e−x

2

.
7.9. 4ut = uxx, u|t=0 = e2x−x2

.
7.10. ut = uxx, u|t=0 = xe−x

2

.
7.11. 4ut = uxx, u|t=0 = sinxe−x

2

.
7.12. ut = 4uxx + tet, u|t=0 = 2.

Ðåøèòü çàäà÷è (m=2)

7.13. ut = 4u+ et, u|t=0 = cosx cos y.
7.14. ut = 4u+ 2 sinx sin y, u|t=0 = x2 − y2.
7.15. ut = 4u+ cos t, u|t=0 = xye−x

2−y2

.
7.16. ut = 4u, u|t=0 = sin l1x sin l2y, l1, l2 = const.
7.17. ut = 4u, u|t=0 = sin l1x cos l2y, l1, l2 = const.
7.18. ut = 4u, u|t=0 = cos l1x cos l2y, l1, l2 = const.
7.19. ut = 4u, u|t=0 = eax sin by, a, b = const.

Ðåøèòü çàäà÷è (m=3)

7.20. ut = 24u+ t cosx, u|t=0 = cos y cos z.
7.21. ut = 34u+ et, u|t=0 = sin(x− y − z).
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7.22. 4ut = 4u+ sin 2z, u|t=0 = 1
4 sin 2z + e−x

2

cos 2y.

7.23. Ðåøèòü çàäà÷ó Êîøè ut = 4u, u|t=0 = sin l1x1 + cos lmxm,
x ∈ Rm.

Çàäàíèÿ, ïîìå÷åííûå ñèìâîëîì '*', ïðåäíàçíà÷åíû äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû è ïðèâåäåíû áåç îòâåòîâ.

Ðåøèòü çàäà÷è (m=3)
7.24.∗ ut = 4u+ cos(x− y + z), u(0, x) = e−(x+y−z)2.
7.25.∗ ut = 4u, u(0, x) = cos(xy) sin z.

8. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèé ïàðàáîëè÷å-
ñêîãî òèïà

Ïóñòü T = const, ST = [0, T ] × ∂Ω, ΓT = ST ∪ Ω, QT = (0, T ) × Ω.
Îòìåòèì, ÷òî îïðåäåëåííóþ òàêèì îáðàçîì îáëàñòü QT íàçûâàþò öè-
ëèíäðè÷åñêîé.

Ðàññìîòðèì â QT ëèíåéíîå óðàâíåíèå

L(u) = f, (8.1)

ãäå

L(u) =
m∑

i,j=1

aij
∂2u

∂xi∂xj
+

m∑
i=1

bi
∂u

∂xi
+ cu− ∂u

∂t
,

ïðè÷åì êîýôôèöèåíòû aij, bi, c è ïðàâàÿ ÷àñòü f óðàâíåíèÿ (8.1) � âå-
ùåñòâåííûå, êîíå÷íîçíà÷íûå ôóíêöèè ïåðåìåííûõ t, x.

Ñ÷èòàåì, ÷òî âñþäó íèæå aij(t, x) = aji(t, x) è âûïîëíÿåòñÿ ñîîòíî-
øåíèå

m∑
i,j=1

aij(t, x)ξiξj > 0 ∀(t, x) ∈ Q̄T \ ΓT (8.2)

è ëþáûõ îòëè÷íûõ îò íóëÿ ξ ∈ IRm.
Îòìåòèì, ÷òî ïî îïðåäåëåíèþ (ñì., íàïðèìåð, [11-13]) âñëåäñòâèå

óñëîâèÿ (8.2) óðàâíåíèå (8.1) ÿâëÿåòñÿ ïàðàáîëè÷åñêèì â Q̄T \ ΓT .
Îïðåäåëåíèå. Ôóíêöèÿ u(t, x) íàçûâàåòñÿ êëàññè÷åñêèì ðå-

øåíèåì óðàâíåíèÿ (8.1) â Q̄T , åñëè åå ïðîèçâîäíûå ∂u/∂xi,
∂2u/(∂xi∂xj), ∂u/∂t, i, j = 1,m, íåïðåðûâíû â Q̄T \ ΓT , ñàìà ôóíêöèÿ u
íåïðåðûâíà â Q̄T è â Q̄T \ΓT âûïîëíÿåòñÿ òîæäåñòâî L(u(t, x)) = f(t, x).
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Íèæå áóäåì ðàññìàòðèâàòü òîëüêî êëàññè÷åñêèå ðåøåíèÿ óðàâíåíèÿ
(8.1).
Çàìå÷àíèå. Ëåãêî âèäåòü, ÷òî çàìåíà u = veαt, ãäå α = const > 0,

ïðèâîäèò ê óðàâíåíèþ äëÿ v âèäà (8.1) ñ êîýôôèöèåíòîì ïðè v, ðàâíûì
c−α. Ñëåäîâàòåëüíî, åñëè c � îãðàíè÷åííàÿ ñâåðõó ôóíêöèÿ (c < l, l =
const > 0), òî óêàçàííîé çàìåíîé (åñëè âçÿòü α > l) ìîæíî äîáèòüñÿ òîãî,
÷òî êîýôôèöèåíò ïðè v â óðàâíåíèè (8.1) ñòàíåò ñòðîãî îòðèöàòåëüíûì.

Ïðèìåð 8.1. Äîêàçàòü òåîðåìó 1: Ïóñòü ôóíêöèÿ u íåïðåðûâíà â
Q̄T , âñå åå ïðîèçâîäíûå, âõîäÿùèå â îïåðàòîð L, íåïðåðûâíû â Q̄T \ ΓT
è âûïîëíÿþòñÿ íåðàâåíñòâà

L(u(t, x)) ≤ 0 â Q̄T \ ΓT , (8.3)

u(t, x) ≥ 0 íà ΓT . (8.4)

Ïóñòü êîýôôèöèåíò c îïåðàòîðà L îãðàíè÷åí ñâåðõó íåêîòîðîé ïîñòî-
ÿííîé l (c(t, x) < l ∀(t, x) ∈ Q̄T ). Òîãäà

u(t, x) ≥ 0 â Q̄T .

Ðåøåíèå. Âíà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà l < 0, ò.å. c(t, x) < 0
â Q̄T . Ïðåäïîëîæèì, ÷òî óñëîâèÿ òåîðåìû 1 âûïîëíåíû, íî ôóíêöèÿ u
ïðèíèìàåò â Q̄T îòðèöàòåëüíûå çíà÷åíèÿ (íèæå âñëåäñòâèå ýòîãî ïðåä-
ïîëîæåíèÿ ïîëó÷èì ïðîòèâîðå÷èå). Òàê êàê u íåïðåðûâíà â Q̄T , òî îíà
äîñòèãàåò â Q̄T ñâîåãî ìèíèìóìà, ïðè÷åì îòðèöàòåëüíîãî, â íåêîòîðîé
òî÷êå (t0, x0). ßñíî, ÷òî âñëåäñòâèå óñëîâèÿ (8.4) òî÷êà (t0, x0) ìîæåò
ëåæàòü ëèáî âíóòðè îáëàñòè QT , ëèáî âíóòðè åå âåðõíåãî îñíîâàíèÿ{

(t, x)
∣∣
t=T,x∈Ω

}
. Ñëåäîâàòåëüíî, â ýòîé òî÷êå âûïîëíÿþòñÿ ñîîòíîøåíèÿ

∂u

∂xi
= 0, i = 1,m,

∂u

∂t
≤ 0, cu > 0. (8.5)

Ïîêàæåì, ÷òî â ýòîé òî÷êå âûïîëíÿåòñÿ íåðàâåíñòâî

m∑
i,j=1

aij
∂2u

∂xi∂xj
≥ 0. (8.6)
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Äåéñòâèòåëüíî (àíàëîãè÷íûå ðàññóæäåíèÿ ïðèâåäåíû â ëåêöèè 1), ëè-

íåéíàÿ çàìåíà ïåðåìåííûõ y = Kx (yi =
m∑
j=1

kijxj, i = 1,m) ïðèâîäèò ê

ðàâåíñòâó
m∑

i,j=1

aij(t, x)
∂2u(t, x)

∂xi∂xj
=

m∑
i,j=1

dij(t, y)
∂2v(t, y)

∂yi∂yj
, (8.7)

ãäå ìàòðèöû A = ‖aij‖, K = ‖kij‖, D = ‖dij‖ ñâÿçàíû ñîîòíîøåíèåì
D = KAK∗, v(t, y) = u(t,K−1y), K∗ � ìàòðèöà, ñîïðÿæåííàÿ ê ìàòðè-
öå K. Ëåãêî âèäåòü, ÷òî ìèíèìóì ôóíêöèè v ñîâïàäàåò ñ ìèíèìóìîì
ôóíêöèè u è äîñòèãàåòñÿ â òî÷êå (t0, y0), ãäå y0 = Kx0. Èç ëèíåéíîé
àëãåáðû èçâåñòíî, ÷òî íåâûðîæäåííîå ïðåîáðàçîâàíèå ìîæíî ïîäîáðàòü
òàêèì îáðàçîì, ÷òîáû ìàòðèöà D áûëà äèàãîíàëüíîé â òî÷êå (t0, x0).
Êðîìå òîãî, ìàòðèöà D � ïîëîæèòåëüíî îïðåäåëåííàÿ âñëåäñòâèå ïîëî-
æèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A (ñì. ñîîòíîøåíèå (8.2)). Çíà÷èò,

m∑
i,j=1

dij(t
0, y0)

∂2v(t0, y0)

∂yi∂yj
=

m∑
i=1

dii(t
0, y0)

∂2v(t0, y0)

∂y2
i

≥ 0, (8.8)

òàê êàê dii > 0, à ∂2v/∂y2
i ≥ 0 â òî÷êå (t0, x0). Èç ñîîòíîøåíèé (8.7), (8.8)

ñëåäóåò íåðàâåíñòâî (8.6). Èç îïðåäåëåíèÿ îïåðàòîðà L è ñîîòíîøåíèé
(8.5), (8.6) â òî÷êå (t0, x0) ïîëó÷àåì íåðàâåíñòâî L(u(t0, x0)) > 0, ÷òî
ïðîòèâîðå÷èò óñëîâèþ (8.3) è äîêàçûâàåò òåîðåìó 1 â ñëó÷àå c(t, x) < 0.
Â ñëó÷àå c(t, x) < l, l > 0 ñäåëàåì çàìåíó u(t, x) = v(t, x)elt. Ôóíêöèÿ
v íåîòðèöàòåëüíà íà ΓT , óäîâëåòâîðÿåò óðàâíåíèþ (8.1) ñ îòðèöàòåëü-
íûì êîýôôèöèåíòîì ïðè v (ñì. çàìå÷àíèå 1) è íåïîëîæèòåëüíîé ïðàâîé
÷àñòüþ. Ïî äîêàçàííîìó âûøå v(t, x) ≥ 0 â Q̄T \ ΓT . Ñëåäîâàòåëüíî, è
u(t, x) = v(t, x)elt ≥ 0 â Q̄T \ ΓT . Òåîðåìà 1 äîêàçàíà.

ÄàëååN, q � íåîòðèöàòåëüíûå ïîñòîÿííûå, à c0 � ñòðîãî ïîëîæèòåëü-
íàÿ ïîñòîÿííàÿ.

Ïðèìåð 8.2. Äîêàçàòü òåîðåìó 2: Ïóñòü ôóíêöèÿ u(t, x) íåïðåðûâíà
â Q̄T , óäîâëåòâîðÿåò â Q̄T \ ΓT óðàâíåíèþ (1) è |u(t, x)|ΓT ≤ q. Ïóñòü
f � îãðàíè÷åííàÿ ôóíêöèÿ, à êîýôôèöèåíò c íå ïîëîæèòåëåí:

|f(t, x)| ≤ N, c(t, x) ≤ 0 ∀(t, x) ∈ Q̄T .

Òîãäà âñþäó â Q̄T âûïîëíÿåòñÿ íåðàâåíñòâî

|u(t, x)| ≤ Nt+ q. (8.9)
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Ðåøåíèå. Ôóíêöèè w±(t, x) = Nt + q ± u(t, x) íå îòðèöàòåëüíû íà
ΓT , à â Q̄T \ ΓT âñëåäñòâèå óñëîâèÿ c ≤ 0 óäîâëåòâîðÿþò ñîîòíîøåíèþ

L(w±) = −N +Nct+ cq ± L(u) ≤ −N ± |f | ≤ 0.

Ïî òåîðåìå 1 îáå ôóíêöèè w+ è w− íå îòðèöàòåëüíû â Q̄T : (w±(t, x) =
Nt + q ± u(t, x) ≥ 0), îòêóäà è ñëåäóåò íåðàâåíñòâî (8.9). Òåîðåìà 2
äîêàçàíà.

Ïðèìåð 8.3. Äîêàçàòü òåîðåìó 3:Ïóñòü u(t, x) � êëàññè÷åñêîå ðå-
øåíèå â Q̄T óðàâíåíèÿ (1) è âûïîëíÿþòñÿ ñîîòíîøåíèÿ

|f(t, x)| ≤ N, c(t, x) ≤ −c0 â Q̄T \ ΓT , |u(t, x)| ≤ q íà ΓT .

Òîãäà âñþäó â Q̄T

|u(t, x)| ≤ max

{
N

c0
, q

}
. (8.10)

Ðåøåíèå. Ðàññìîòðèì â Q̄T ôóíêöèè

w± = max{N/c0, q} ± u(t, x).

Ëåãêî ïðîâåðèòü, ÷òî w± ≥ 0 íà ΓT , à â Q̄T \ΓT âûïîëíÿåòñÿ íåðàâåíñòâî
L(w±) ≤ 0. Íàïðèìåð, ïîñëåäíåå ñëåäóåò èç ñîîòíîøåíèé

L(w±) = cmax
{
N
c0
, q
}
± f ≤ −c0 max

{
N
c0
, q
}

+N

≤ −c0
N
c0

+N = 0.

Ïî òåîðåìå 1 ôóíêöèè w±(t, x) ≥ 0 â Q̄T \ ΓT , îòêóäà ñëåäóåò (8.10).
Òåîðåìà 3 äîêàçàíà.
Çàìå÷àíèå. Äëÿ ïàðàáîëè÷åñêèõ ñèñòåì óðàâíåíèé ïðèíöèï ìàêñè-

ìóìà ìîæåò è íå âûïîëíÿòüñÿ (îïðåäåëåíèå òàêèõ ñèñòåì ñì. â [13], [15]).
Äåéñòâèòåëüíî, ðàññìîòðèì íà èíòåðâàëå 0 < x < π ñèëüíî ïàðàáîëè÷å-
ñêóþ ñèñòåìó

ut = uxx −
1

2
vxx, vt =

1

2
uxx + vxx

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u(0, x) = 0, v(0, x) = sin x;
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u(t, 0) = u(t, π) = 0, v(t, 0) = v(t, π) = 0.

Åäèíñòâåííîå ðåøåíèå ýòîé ïåðâîé íà÷àëüíî�êðàåâîé çàäà÷è äàåòñÿ
ôîðìóëàìè

u = e−t sin
t

2
sinx, v = e−t cos

t

2
sinx.

Çäåñü ïðèíöèï ìàêñèìóìà íàðóøàåòñÿ äëÿ êîìïîíåíòû u(t, x).
Ìíîãî÷èñëåííûå ïðèëîæåíèÿ ïðèíöèïà ìàêñèìóìà äëÿ ïàðàáîëè÷å-

ñêèõ óðàâíåíèé èìåþòñÿ â ìîíîãðàôèè [16] (åäèíñòâåííîñòü ðåøåíèÿ
íåëèíåéíûõ óðàâíåíèé, ïîëîæèòåëüíûå ðåøåíèÿ çàäà÷è Êîøè, òåîðåìû
ñðàâíåíèÿ ðåøåíèé), ñì. òàêæå [10].

Çàäà÷è è óïðàæíåíèÿ

8.1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2 è f ≡ 0. Äîêàçàòü, ÷òî âñþäó
â Q̄T

|u(t, x)| ≤ max
ΓT
|u(t, x)| = M.

Óêàçàíèå: ðàññìîòðåòü ôóíêöèè w± = M±u è ïîâòîðèòü äîêàçàòåëü-
ñòâî òåîðåìû 2.
8.2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2 è f ≡ c ≡ 0. Äîêàçàòü, ÷òî
âñþäó â Q̄T ñïðàâåäëèâû íåðàâåíñòâà

l ≡ min
ΓT

u(t, x) ≤ u(t, x) ≤ max
ΓT

u(t, x) ≡M.

Óêàçàíèå: ðàññìîòðåòü ôóíêöèè u(t, x)− l, M − u(t, x).
8.3. Ïóñòü â òåîðåìå 2 óñëîâèå c ≤ 0 çàìåíåíî óñëîâèåì c(t, x) ≤ l, ãäå
l = const > 0. Äîêàçàòü, ÷òî â Q̄T

|u(t, x)| ≤ elt(Nt+ q). (8.11)

Óêàçàíèå: ñäåëàòü çàìåíó u(t, x) = eltv(t, x) è âîñïîëüçîâàòüñÿ òåîðå-
ìîé 2 äëÿ ôóíêöèè u.
8.4. Äîêàçàòü òåîðåìó åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ ïåðâîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (8.1).
8.5. Äîêàçàòü òåîðåìó î íåïðåðûâíîé çàâèñèìîñòè êëàññè÷åñêîãî ðåøå-
íèÿ ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (8.1) îò ïðàâîé ÷àñòè f(t, x),
íà÷àëüíîé ôóíêöèè ϕ(x) è ãðàíè÷íîé ôóíêöèè ψ(t, x).
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Óêàçàíèå: ñ÷èòàòü, ÷òî âûïîëíÿåòñÿ óñëîâèå çàäà÷è 8.3.
8.6. Äîêàçàòü òåîðåìó åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ ïåðâîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Áþðãåðñà

∂u(t, x)

∂t
+ u(t, x)

∂u(t, x)

∂x
= µ

∂2u(t, x)

∂x2 + f, µ = const > 0

â ïðåäïîëîæåíèè îãðàíè÷åííîñòè â Q̄T ïðîèçâîäíîé ∂u(t, x)/∂x.
8.7. Îöåíèòü â ïîëîñå {(t, x)

∣∣ 0 ≤ x ≤ 1, 0 ≤ t < ∞} êëàññè÷åñêîå
ðåøåíèå u(t, x) ïåðâîé êðàåâîé çàäà÷è

u(0, x) = x(1− x), u(t, 0) = u(t, 1) = 0

äëÿ îäíîðîäíîãî óðàâíåíèÿ Áþðãåðñà (â ñëó÷àå f = 0).
Ñëåäóåò îòìåòèòü, ÷òî íåðàâåíñòâî (8.11) åñòü íå ÷òî èíîå, êàê àïðè-

îðíàÿ îöåíêà â êëàññå C(Q̄T ) êëàññè÷åñêîãî ðåøåíèÿ ïåðâîé êðàåâîé
çàäà÷è.
8.8. Äîêàçàòü, ÷òî äëÿ çàäà÷è â çàìå÷àíèè 3 ñïðàâåäëèâî ñîîòíîøåíèå

d

dt

π∫
0

(u2 + v2)dx = −2

π∫
0

(u2 + v2)dx.

Âûâåñòè îòñþäà òåîðåìó åäèíñòâåííîñòè ðåøåíèÿ.
8.9. Íàéòè â îáëàñòè Q = {(t, x) | 0 ≤ x ≤ 2, 0 ≤ t ≤ 2} ìèíèìàëüíîå è
ìàêñèìàëüíîå çíà÷åíèÿ ôóíêöèè u(t, x), ÿâëÿþùåéñÿ êëàññè÷åñêèì ðå-
øåíèåì êðàåâîé çàäà÷è

ut = uxx + (x2 + 1)ux, u(0, x) = cos2 πx,

u(t, 0) = t+ 1, u(t, 2) = t3 + 1.

8.10. Â îáëàñòè QT = {(t, x) | 0 ≤ t ≤ T, 0 ≤ x ≤ π} äîêàçàòü òåîðåìó
åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ u(t, x) çàäà÷è

ut + u3 = uxx + sinx,
u(0, x) = sin2 x u(t, 0) = t3, u(t, π) = sin t.

8.11. Îöåíèòü â QT = {(t, x)|0 ≤ t ≤ 9, 0 ≤ x ≤ l} êëàññè÷åñêîå ðåøåíèå
çàäà÷è

ut + 7u = uxx,
u(0, x) = x2(x− l), u(t, 0) = 0, 01t2, u(t, l) = 2 lg (1 + t).
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8.12. Â îáëàñòè QT = {(t, x)|0 ≤ t ≤ 1, 0 ≤ x ≤ 2} îïðåäåëèòü çíàê
âûðàæåíèÿ u(t, x)−w(t, x), åñëè u(t, x) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì
çàäà÷è

ut = uxx + ux + x2,
u(0, x) = x2, u(t, 0) = t, u(t, 2) = 2t,

à ôóíêöèÿ w(t, x) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è

wt = wxx + wx + x2,
w(0, x) = 5, w(t, 0) = 5, w(t, 2) = 5t.

9. Èçìåðèìûå ôóíêöèè. Èíòåãðàë Ëåáåãà. Ôóíêöè-
îíàëüíûå ïðîñòðàíñòâà

Îïðåäåëåíèå 9.1. Âåùåñòâåííûì ëèíåéíûì ïðîñòðàíñòâîì íàçû-
âàåòñÿ ìíîæåñòâî F , äëÿ ýëåìåíòîâ êîòîðîãî îïðåäåëåíû îïåðàöèè ñëî-
æåíèÿ è óìíîæåíèÿ íà âåùåñòâåííûå ÷èñëà, íå âûâîäÿùèå èç F è îáëà-
äàþùèå ñâîéñòâàìè:

à) f1 + f2 = f2 + f1,
á) (f1 + f2) + f3 = f1 + (f2 + f3),
â) â F ñóùåñòâóåò ýëåìåíò o òàêîé, ÷òî äëÿ ëþáîãî f ∈ F èìååò ìåñòî

ðàâåíñòâî 0 · f = o,
ã) (c1 + c2)f = c1f + c2f ,
ä) c(f1 + f2) = cf1 + cf2,
å) (c1c2)f = c1(c2f),
æ) 1 · f = f
äëÿ ëþáûõ f1, f2, f ∈ F è ëþáûõ âåùåñòâåííûõ ÷èñåë c, c1, c2.
Îïðåäåëåíèå 9.2. Ëèíåéíîå ïðîñòðàíñòâî F íàçûâàåòñÿ íîðìèðî-

âàííûì, åñëè êàæäîìó åãî ýëåìåíòó f ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå
âåùåñòâåííîå ÷èñëî ‖f‖ = ‖f‖F (íîðìà f), è ýòî ñîîòâåòñòâèå îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè:

à) ‖f‖ ≥ 0, ïðè÷åì ‖f‖ = 0 òîëüêî äëÿ f = o,
á) ‖cf‖ = |c| ‖f‖ ïðè ïðîèçâîëüíîì âåùåñòâåííîì c è f ∈ F ,
â) ‖f1 + f2‖ ≤ ‖f1‖ + ‖f2‖ äëÿ ëþáûõ f1, f2 ∈ F (íåðàâåíñòâî òðå-

óãîëüíèêà).
Îïðåäåëåíèå 9.3. Ïîñëåäîâàòåëüíîñòü fm, m = 1, 2, ... ýëåìåíòîâ

èç F íàçûâàåòñÿ ôóíäàìåíòàëüíîé, åñëè ∀ε > 0 ∃N = N(ε) òàêîå, ÷òî
∀k,m > N ‖fk − fm‖ < ε.
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Îïðåäåëåíèå 9.4. Ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî íàçûâà-
åòñÿ ïîëíûì, åñëè äëÿ ëþáîé ôóíäàìåíòàëüíîé ïîñëåäîâàòåëüíîñòè åãî
ýëåìåíòîâ íàéäåòñÿ ýëåìåíò ýòîãî ïðîñòðàíñòâà, ê êîòîðîìó îíà ñõîäèò-
ñÿ.

Ïîëíîå ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî B íàçûâàåòñÿ áàíàõî-
âûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.5. Áóäåì ãîâîðèòü, ÷òî â ëèíåéíîì ïðîñòðàíñòâå H

ââåäåíî ñêàëÿðíîå ïðîèçâåäåíèå, åñëè ëþáîé ïàðå ýëåìåíòîâ h1, h2 ∈ H
ïîñòàâëåíî â ñîîòâåòñòâèå âåùåñòâåííîå ÷èñëî (h1, h2) (ñêàëÿðíîå ïðîèç-
âåäåíèå ýòèõ ýëåìåíòîâ), è ýòî ñîîòâåòñòâèå îáëàäàåò ñëåäóþùèìè ñâîé-
ñòâàìè:

à) (h1, h2) = (h2, h1),
á) (h1 + h2, h) = (h1, h) + (h2, h),
â) äëÿ ëþáîãî âåùåñòâåííîãî c âåðíî (ch1, h2) = c(h1, h2),
ã) (h, h) ≥ 0, ïðè÷åì (h, h) = 0 òîëüêî ïðè h = o.
Îïðåäåëåíèå 9.6. Ëèíåéíîå ïðîñòðàíñòâî H ñî ñêàëÿðíûì ïðîèç-

âåäåíèåì, ïîëíîå â íîðìå ‖h‖ =
√

(h, h), ïîðîæäàåìîé ýòèì ñêàëÿðíûì
ïðîèçâåäåíèåì, íàçûâàåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.7. Ìíîæåñòâî R ⊂ B íàçûâàåòñÿ ïëîòíûì â íîðìè-

ðîâàííîì ïðîñòðàíñòâå B, åñëè äëÿ ëþáîãî ýëåìåíòà f ∈ B ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü fk, fk ∈ R, k = 1, 2, ..., ñõîäÿùàÿñÿ ê f (fk → f ïðè
k →∞).
Îïðåäåëåíèå 9.8. Ìíîæåñòâî Ω ⊂ Em íàçûâàåòñÿ ìíîæåñòâîì

(ëåáåãîâîé) ìåðû íóëü, åñëè äëÿ ëþáîãî ε > 0 ìîæíî íàéòè ïîêðû-
âàþùåå åãî ñ÷åòíîå ìíîæåñòâî îòêðûòûõ (m � ìåðíûõ) êóáîâ, ñóììà
îáúåìîâ êîòîðûõ ìåíüøå ε.
Îïðåäåëåíèå 9.9. Åñëè íåêîòîðîå ñâîéñòâî âûïîëíåíî âñþäó â Ω ⊂

Em çà èñêëþ÷åíèåì, ìîæåò áûòü, ìíîæåñòâà ìåðû íóëü, òî ãîâîðÿò, ÷òî
ýòî ñâîéñòâî âûïîëíåíî ïî÷òè âñþäó â Ω (çàïèñûâàþò ï.â. â Ω).
Îïðåäåëåíèå 9.10. Ôóíêöèÿ, îïðåäåëåííàÿ â îáëàñòè Ω, íàçûâàåòñÿ

èçìåðèìîé â Ω, åñëè îíà ÿâëÿåòñÿ ïðåäåëîì ï.â. â Ω ñõîäÿùåéñÿ ïîñëå-
äîâàòåëüíîñòè ôóíêöèé, íåïðåðûâíûõ íà Ω.
Îïðåäåëåíèå 9.11. Íåîòðèöàòåëüíàÿ ï.â. â Ω ôóíêöèÿ f(x) íàçûâà-

åòñÿ èíòåãðèðóåìîé ïî Ëåáåãó â Ω, åñëè ñóùåñòâóåò ï.â. â Ω ñõîäÿùàÿñÿ
ê íåé ìîíîòîííî íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ...,
ôóíêöèé, íåïðåðûâíûõ íà Ω ñ îãðàíè÷åííîé ñâåðõó ïîñëåäîâàòåëüíî-
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ñòüþ èíòåãðàëîâ (Ðèìàíà):
∫
Ω
fk(x) dx ≤ C, k = 1, 2, .... Ïðè ýòîì òî÷íàÿ

âåðõíÿÿ ãðàíü ìíîæåñòâà {
∫
Ω
fk(x) dx, k = 1, 2, ...} íàçûâàåòñÿ èíòå-

ãðàëîì Ëåáåãà ôóíêöèè f(x):

(L)

∫
Ω

f(x) dx = sup
k

∫
Ω

fk(x) dx = lim
k→∞

∫
Ω

fk(x) dx.

Îïðåäåëåíèå 9.12.Ôóíêöèÿ f(x) íàçûâàåòñÿ èíòåãðèðóåìîé ïî Ëå-
áåãó ïî îáëàñòè Ω, åñëè åå ìîæíî ïðåäñòàâèòü â âèäå ðàçíîñòè f(x) =
f1(x)−f2(x) äâóõ íåîòðèöàòåëüíûõ ôóíêöèé, èíòåãðèðóåìûõ ïî Ëåáåãó.
Ïðè ýòîì èíòåãðàë Ëåáåãà îò ôóíêöèè f(x) îïðåäåëÿåòñÿ ðàâåíñòâîì

(L)

∫
Ω

f(x) dx = (L)

∫
Ω

f1(x) dx− (L)

∫
Ω

f2(x) dx.

Îïðåäåëåíèå 9.13. Ìíîæåñòâî èçìåðèìûõ ïî Ëåáåãó íà Ω è èíòå-
ãðèðóåìûõ ïî Ëåáåãó ïî îáëàñòè Ω ôóíêöèé îáîçíà÷àåòñÿ L1(Ω).
Îïðåäåëåíèå 9.14. Ìíîæåñòâî èçìåðèìûõ è èíòåãðèðóåìûõ ñ êâàä-

ðàòîì ïî Ëåáåãó ïî îáëàñòè Ω ôóíêöèé îáîçíà÷àåòñÿ L2(Ω).
Ââåäåì îáîçíà÷åíèÿ

Dαf(x) =
∂|α|f(x1, x2, ..., xm)

∂xα1
1 ∂x

α2
2 ...∂x

αm
m

.

Çäåñü α = (α1, α2, ..., αm) � ìóëüòèèíäåêñ, αi ≥ 0 -öåëûå, i = 1,m, |α| =
α1 + α2 + ...+ αm.
Îïðåäåëåíèå 9.15. Ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ íà ìíîæå-

ñòâå Ω ⊂ Em, îáîçíà÷àþò C(Ω).
Ïðîñòðàíñòâî C(Ω) ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.16. Ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ íà ìíîæå-

ñòâå Ω ⊂ Em, îáîçíà÷àþò C(Ω).
Â ïðîñòðàíñòâå C(Ω) ââîäèòñÿ íîðìà

||u||C(Ω) = max
Ω
|u(x)|.

Ïðîñòðàíñòâî C(Ω) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.
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Îïðåäåëåíèå 9.17. Ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíî äèôôåðåí-
öèðóåìûõ äî ïîðÿäêà k âêëþ÷èòåëüíî íà ìíîæåñòâå Ω ⊂ Em, îáîçíà÷à-
þò Ck(Ω):

Ck(Ω) = {f(x)| Dαf(x) ∈ C(Ω) ∀α, |α| ≤ k} .

Ïðîñòðàíñòâî Ck(Ω) ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.18. Ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíî äèôôåðåí-

öèðóåìûõ äî ïîðÿäêà k âêëþ÷èòåëüíî íà ìíîæåñòâå Ω ⊂ Em, îáîçíà÷à-
þò Ck(Ω):

Ck(Ω) =
{
f(x)| Dαf(x) ∈ C(Ω) ∀α, |α| ≤ k

}
.

Â ïðîñòðàíñòâå Ck(Ω) ââîäèòñÿ íîðìà

||u||Ck(Ω) =
∑
|α|≤k

||Dαf(x)||C(Ω).

Ïðîñòðàíñòâî Ck(Ω) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.19. Ïðîñòðàíñòâî ôóíêöèé, èçìåðèìûõ ïî Ëåáåãó

íà ìíîæåñòâå Ω ⊂ Em è èíòåãðèðóåìûõ ïî Ëåáåãó ñî ñòåïåíüþ p, îáî-
çíà÷àþò Lp(Ω):

Lp(Ω) = {f(x)| f(x)èçìåðèìû ïî Ëåáåãó è
∫
Ω

|f |p(x) dx <∞}.

Â ïðîñòðàíñòâå Lp(Ω) ââîäèòñÿ íîðìà

||u||Lp(Ω) =

∫
Ω

|f(x)|p dx

1/p

.

Ïðîñòðàíñòâî Lp(Ω) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.
Îïðåäåëåíèå 9.20. Ïðîñòðàíñòâî ôóíêöèé, èçìåðèìûõ ïî Ëåáåãó

íà ìíîæåñòâå Ω ⊂ Em è èíòåãðèðóåìûõ ïî Ëåáåãó ñî ñòåïåíüþ p íà
ëþáîì Ω′, ñòðîãî âëîæåííîì â Ω, îáîçíà÷àþò L

p,loc(Ω).
Çàìåòèì, ÷òî Lp(Ω) ⊂ L

p,loc(Ω).
Îïðåäåëåíèå 9.21. Ïîñëåäîâàòåëüíîñòü fm, m = 1, 2, ..., ýëåìåíòîâ

èç H íàçûâàåòñÿ ñõîäÿùåéñÿ ñèëüíî ê ýëåìåíòó f èç H (fm → f ïðè
m→∞), åñëè ‖f − fm‖H → 0 ïðè m→∞.
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Îïðåäåëåíèå 9.22. Ïîñëåäîâàòåëüíîñòü fm, m = 1, 2, ..., ýëåìåíòîâ
èç H íàçûâàåòñÿ ñõîäÿùåéñÿ ñëàáî ê ýëåìåíòó f èç H (fm → f ïðè
m→∞), åñëè äëÿ ëþáîãî h ∈ H (fm, h)→ (f, h) ïðè m→∞.

Çàäà÷è è óïðàæíåíèÿ

9.1.Óñòàíîâèòü, ÷òî ñëåäóþùèå ìíîæåñòâà ÿâëÿþòñÿ ìíîæåñòâàìè ìåðû
íóëü â m-ìåðíîì ïðîñòðàíñòâå:

1) êîíå÷íîå ìíîæåñòâî òî÷åê,
2) ñ÷åòíîå ìíîæåñòâî òî÷åê,
3) ïåðåñå÷åíèå ñ÷åòíîãî ìíîæåñòâà ìíîæåñòâ ìåðû íóëü,
4) îáúåäèíåíèå ñ÷åòíîãî ìíîæåñòâà ìíîæåñòâ ìåðû íóëü,
5) ãëàäêàÿ (m− 1) � ìåðíàÿ ïîâåðõíîñòü,
6) ãëàäêàÿ (k) � ìåðíàÿ ïîâåðõíîñòü (k ≤ m− 1).

9.2. Ïðè êàêèõ çíà÷åíèÿõ α èíòåãðèðóåìû ïî øàðó |x| < 1 ñëåäóþùèå
ôóíêöèè:

à) f(x) = 1
|x|α ; á) f(x) = 1

(1−|x|)α .

Äîêàçàòü ñëåäóþùèå óòâåðæäåíèÿ:

9.3. Åñëè f, g ∈ L1(Ω), òî αf + βg ∈ L1(Ω) ïðè ëþáûõ ïîñòîÿííûõ α è
β.
9.4. Åñëè f1, f2 ∈ L2(Ω), òî αf1 + βf2 ∈ L2(Ω) ïðè ëþáûõ ïîñòîÿííûõ α
è β.
9.5. Íè îäíî èç âêëþ÷åíèé: L1(E

m) ⊂ L2(E
m), L2(E

m) ⊂ L1(E
m) ìåñòà

íå èìåþò.
9.6. Åñëè f, g ∈ L2(Ω), òî f · g ∈ L1(Ω).
9.7. Åñëè f, g ∈ L2(Ω), òî èìååò ìåñòî íåðàâåíñòâî Áóíÿêîâñêîãî∣∣∣∣∣∣

∫
Ω

f · g dx

∣∣∣∣∣∣ ≤
∫

Ω

|f |2 dx

1/2∫
Ω

|g|2 dx

1/2

.

9.8. Åñëè f, g ∈ L2(Ω), òî èìååò ìåñòî íåðàâåíñòâî Ìèíêîâñêîãî∫
Ω

|f + g|2 dx

1/2

≤

∫
Ω

|f |2 dx

1/2

+

∫
Ω

|g|2 dx

1/2

.
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9.9. Íàéòè èíòåãðàëû ïî îòðåçêó [0, 1] îò ñëåäóþùèõ ôóíêöèé (ïðåäâà-
ðèòåëüíî äîêàçàâ èõ èíòåãðèðóåìîñòü):

à) f(x) =

{
x2, x− èððàöèîíàëüíî,
0, x− ðàöèîíàëüíî;

á) f(x) =


x2, åñëè x èððàöèîíàëüíî è áîëüøå 1/3,
x3, x èððàöèîíàëüíî è ìåíüøå 1/3,
0, åñëè x ðàöèîíàëüíî;

â) f(x) =


sin πx, åñëè x èððàöèîíàëüíî è ìåíüøå 1/2,
x2, åñëè x èððàöèîíàëüíî è áîëüøå 1/2,
0, åñëè x ðàöèîíàëüíî;

ã) f(x) =

{
1/n, åñëè x = m/n, ãäåm,n âçàèìíî ïðîñòû,
0, åñëè x èððàöèîíàëüíî;

ä) f(x) =

{
x−1/3, åñëè x èððàöèîíàëüíî,
x3, åñëè x ðàöèîíàëüíî;

å) f(x) = sign
(
sin π

x

)
.

9.10. Óáåäèòüñÿ, ÷òî â Em ìîæíî ââåñòè íîðìó ñëåäóþùèì îáðàçîì:

à) |x|∞ = max
1≤i≤m

|xi|; á) |x|2 =

(
m∑
i=1

x2
i

)1/2

.

Çäåñü x = (x1, . . . , xm).
9.11. Ïîêàçàòü, ÷òî â ïðîñòðàíñòâàõ L1(Ω) è L2(Ω) ìîæíî ââåñòè íîðìû

||f ||L1(Ω) =

∫
Ω

|f | dx;

||f ||L2(Ω) =

∫
Ω

|f |2 dx

1/2

.

Äîêàçàòü ñëåäóþùèå óòâåðæäåíèÿ:

9.12. Åñëè ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ..., ôóíêöèé èç L2(Ω) ñõî-
äèòñÿ ê f(x) ïî íîðìå L2(Ω), òî îíà ñõîäèòñÿ è ñëàáî ê f(x) â L2(Ω).
9.13. Åñëè ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ..., ôóíêöèé èç L2(Ω) ñõî-
äèòñÿ ê f(x) ïî íîðìå L2(Ω), òî

∫
Ω
fk dx →

∫
Ω
f dx, k → ∞ (Ω - îãðàíè-

÷åííàÿ îáëàñòü).
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9.14. Åñëè uk ∈ L2(Ω), k = 1, 2, ..., è ðÿä
∞∑
k=1

uk(x) ñõîäèòñÿ ê u(x) ïî

íîðìå L2(Ω), òî
∞∑
k=1

∫
Ω
uk dx =

∫
Ω
u dx (Ω - îãðàíè÷åííàÿ îáëàñòü).

9.15. Åñëè ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ..., ôóíêöèé èç C(Ω) ñõî-
äèòñÿ ê f(x) ðàâíîìåðíî â Ω, òî îíà ñõîäèòñÿ è ïî íîðìå L2(Ω) (Ω -
îãðàíè÷åííàÿ îáëàñòü).
9.16. Åñëè ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ..., ôóíêöèé èç L2(Ω) ñõî-
äèòñÿ ñëàáî ê f(x) ∈ L2(Ω), òî ïîñëåäîâàòåëüíîñòü íîðì ||fk(x)||L2(Ω),
k = 1, 2, ..., îãðàíè÷åíà.
9.17. Åñëè ïîñëåäîâàòåëüíîñòü fk(x), k = 1, 2, ..., ôóíêöèé èç L2(Ω) ñõî-
äèòñÿ ñëàáî ê f(x) ∈ L2(Ω) è ||fk(x)|| → ||f(x)|| ïðè k → ∞, òî ýòà
ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ê f(x) è ïî íîðìå L2(Ω).

10. Îáîáùåííûå ïðîèçâîäíûå. Ïðîñòðàíñòâà Ñîáî-
ëåâà

Ïóñòü Ω ⊂ Em � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé
∂Ω.

Ïîãðàíè÷íîé ïîëîñîé îáëàñòè Ω íàçûâàåòñÿ ñîâîêóïíîñòü òî÷åê ýòîé
îáëàñòè, îáëàäàþùèõ òåì ñâîéñòâîì, ÷òî èõ ðàññòîÿíèå äî ∂Ω íå ïðå-
âîñõîäèò çàäàííîé ïîñòîÿííîé δ > 0, íàçûâàåìîé øèðèíîé ïîëîñû.
Îïðåäåëåíèå 10.1. Ôóíêöèÿ g(x) íàçûâàåòñÿ ôèíèòíîé â îáëàñòè

Ω, åñëè îíà îáðàùàåòñÿ â íîëü â íåêîòîðîé ïîãðàíè÷íîé ïîëîñå îáëàñòè

Ω. Ïðîñòðàíñòâî íåïðåðûâíûõ ôèíèòíûõ â Ω ôóíêöèé îáîçíà÷àåòñÿ
◦
C

(Ω). Ïðîñòðàíñòâî k ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôèíèòíûõ â Ω

ôóíêöèé îáîçíà÷àåòñÿ
◦
Ck (Ω).

Îïðåäåëåíèå 10.2. Ôóíêöèÿ fα(x) ∈ L2,loc(Ω) íàçûâàåòñÿ îáîáùåí-
íîé ïðîèçâîäíîé ïî Ñîáîëåâó ïîðÿäêà α ôóíêöèè f(x) ∈ L2,loc(Ω), åñëè

äëÿ ëþáîé ôóíêöèè g(x) ∈
◦

C |α| (Ω) èìååò ìåñòî ðàâåíñòâî∫
Ω

fDαg dx = (−1)|α|
∫
Ω

fαg dx.

Îïðåäåëåíèå 10.3. Ìíîæåñòâî ôóíêöèé, èìåþùèõ âñå îáîáùåííûå
ïðîèçâîäíûå äî ïîðÿäêà k âêëþ÷èòåëüíî, ïðèíàäëåæàùèå ïðîñòðàíñòâó
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L2(Ω), îáîçíà÷èì Hk(Ω):

Hk(Ω) = {f(x)| Dαf(x) ∈ L2(Ω) ∀α, |α| ≤ k}.
Â ïðîñòðàíñòâå Hk(Ω) ââîäèòñÿ íîðìà

||u||Hk(Ω) =

∫
Ω

∑
|α|≤k

(Dαu)2 dx

 1
2

.

Ïðîñòðàíñòâà Hk(Ω) íàçûâàþò ïðîñòðàíñòâàìè Ñîáîëåâà.
Îïðåäåëåíèå 10.4. Ñëåäîì f |S ôóíêöèè f ∈ C(Ω) íà (m − 1) �

ìåðíîé ïîâåðõíîñòè S íàçûâàåòñÿ çíà÷åíèå íà ýòîé ïîâåðõíîñòè ôóíê-
öèè, êîòîðàÿ îïðåäåëåíà â êàæäîé òî÷êå, íåïðåðûâíà â Ω è ïî÷òè âñþäó
ñîâïàäàåò ñ f íà S.

Âåðíà
ëåììà î ñëåäå. Ïóñòü S � íåêîòîðàÿ (m− 1) � ìåðíàÿ ïîâåðõíîñòü,

ëåæàùàÿ â Ω. Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ H1(Ω) èìååò ìåñòî íåðà-
âåíñòâî

‖f |S‖L2(S) ≤ C‖f‖H1(Ω), C > 0.

Çäåñü êîíñòàíòà C íå çàâèñèò îò ôóíêöèè f .
Èç ëåììû î ñëåäå ñëåäóåò, ÷òî åñëè fk(x), k = 1, 2, ... - ïîñëåäîâà-

òåëüíîñòü ôóíêöèé èç C1(Ω), ñõîäÿùàÿñÿ â íîðìå H1(Ω) ê f(x), S -
ãëàäêàÿ (m − 1)-ìåðíàÿ ïîâåðõíîñòü, ëåæàùàÿ â Ω, òî ïîñëåäîâàòåëü-
íîñòü ñëåäîâ ôóíêöèé fk(x) íà S ñõîäèòñÿ â íîðìå L2(S) ê íåêîòîðîé
ôóíêöèè g(x) ∈ L2(S), êîòîðóþ íàçûâàþò ñëåäîì f |S ôóíêöèè f(x) íà
ïîâåðõíîñòè S ∈ Ω. Äîêàçûâàåòñÿ, ÷òî f |S íå çàâèñèò îò âûáîðà ïîñëå-
äîâàòåëüíîñòè fk(x).

Ïðèìåð 10.1. Îïðåäåëèòü ñëåä ôóíêöèè

f =

{
1, |x| < 1,
2, |x| = 1

íà ãðàíèöå îáëàñòè Ω = {x | |x| < 1}, x ∈ Em (∂Ω = {x|
|x| = 1}).
Ðåøåíèå. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü çàäàííûõ íà Ω ôóíêöèé

fk(x) ≡ 1, k = 1, 2, . . . . Òàê êàê fk = f ïðè x ∈ Ω è îáîáùåííûå ïðîèç-
âîäíûå (çäåñü îáîáùåííûå ïðîèçâîäíûå â îáëàñòè Ω ñîâïàäàþò ñ êëàññè-
÷åñêèìè) ∂fk

∂xi
= ∂f

∂xi
, i = 1,m, ïðè x ∈ Ω, òî äëÿ ôóíêöèé fk è f èìååò ìå-

ñòî òîæäåñòâî ‖f(x)−fk(x)‖H1(Ω) = 0, k = 1, 2, . . . . Òî åñòü fk(x)→ f(x)
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ïðè k → ∞ ïî íîðìå ïðîñòðàíñòâà H1(Ω). Ñëåä fk|∂Ω íåïðåðûâíîé â Ω
ôóíêöèè fk, k = 1, 2, . . . , íà ãðàíèöå ∂Ω ðàâåí 1. Ïðåäåë ïîñëåäîâàòåëü-
íîñòè fk|∂Ω â íîðìå ïðîñòðàíñòâà L2(∂Ω) ðàâåí 1. Çíà÷èò, f |∂Ω = 1.

Îïðåäåëåíèå 10.5. Çàìûêàíèå ïðîñòðàíñòâà
◦
Ck (Ω) â íîðìå ïðî-

ñòðàíñòâà H1(Ω) îáîçíà÷àåòñÿ
◦
Hk (Ω).

Çàìå÷àíèå. Åñëè ôóíêöèÿ f ∈
◦
H1 (Ω), òî åå ñëåä f |∂Ω íà ãðàíèöå

îáëàñòè Ω ðàâåí íóëþ.

Äåéñòâèòåëüíî, èç îïðåäåëåíèÿ ïðîñòðàíñòâà
◦
H1 (Ω) ñëåäóåò, ÷òî äëÿ

ëþáîé ôóíêöèè f ∈
◦
H1 (Ω) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {fk(x)}∞k=1 ∈

◦
C∞ (Ω) òàêàÿ, ÷òî ‖fk(x) − f(x)‖ ◦

H1
→ 0 ïðè k → ∞. Ñëåä fk|∂Ω = 0.

Ñîãëàñíî ëåììå î ñëåäå èìååò ìåñòî íåðàâåíñòâî

‖fk|∂Ω − f |∂Ω‖L2(∂Ω) = ‖f |∂Ω‖L2(∂Ω) ≤ c‖fk − f‖H1(Ω).

Èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì, ÷òî ‖f |∂Ω‖L2(∂Ω) = 0. Îòñþäà
f |∂Ω = 0.
Îïðåäåëåíèå 10.6. Äâà ñêàëÿðíûõ ïðîèçâåäåíèÿ (u, v)I è (u, v)II è

ñîîòâåòñâóþùèå èì íîðìû ||u||I è ||u||II íàçûâàþòñÿ ýêâèâàëåíòíûìè
â ãèëüáåðòîâîì ïðîñòðàíñòâå H, åñëè ñóùåñòâóþò ïîñòîÿííûå c1 > 0 è
c2 > 0 òàêèå, ÷òî äëÿ ëþáîãî u ∈ H ñïðàâåäëèâû íåðàâåíñòâà c1||u||I ≤
||u||II ≤ c2||u||I .

Âåðíî
íåðàâåíñòâî Ñòåêëîâà (Ïóàíêàðå-Ôðèäðèõñà)∫

Ω

f 2 dx ≤ c

∫
Ω

|∇f |2 dx,

êîòîðîå ñïðàâåäëèâî äëÿ ôóíêöèé èç ïðîñòðàíñòâà
◦
H1 (Ω), çäåñü c > 0

� ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò ñâîéñòâ îáëàñòè Ω.

Ïðèìåð 10.2. Äîêàçàòü, ÷òî ñêàëÿðíûå ïðîèçâåäåíèÿ â
◦
H1 (Ω)

(f, g) =

∫
Ω

[fg +∇f · ∇g] dx,
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(f, g)I =

∫
Ω

[| sin |x||fg + 2∇f · ∇g] dx

ýêâèâàëåíòíû.

Ðåøåíèå. Ñêàëÿðíûå ïðîèçâåäåíèÿ ýêâèâàëåíòíû, åñëè ýêâèâàëåíò-
íû ïîðîæäàåìûå èìè íîðìû

‖f‖2 =
(∫

Ω

[f 2 + |∇f |2] dx
)
,

‖f‖2
I =

(∫
Ω

[| sinx|f 2 + 2|∇f |2] dx
)
,

òî åñòü åñëè ñóùåñòâóþò êîñòàíòû c1 > 0 è c2 > 0 òàêèå, ÷òî äëÿ ëþáîé

ôóíêöèè f ∈
◦
H1 (Ω)

c1‖f‖ ≤ ‖f‖I ≤ c2‖f‖.
Ðàññìîòðèì ïåðâîå íåðàâåíñòâî, ó÷èòûâàÿ, ÷òî | sin |x|| ≥ 0,

‖f‖2
I =

∫
Ω

[| sinx|f 2 + 2|∇f |2] dx ≥
∫
Ω

2|∇f |2 dx =

∫
Ω

(|∇f |2 + |∇f |2) dx,

èñïîëüçóÿ íåðàâåíñòâî Ñòåêëîâà (Ïóàíêàðå-Ôðèäðèõñà)∫
Ω

f 2 dx ≤ c

∫
Ω

|∇f |2 dx,

êîòîðîå ñïðàâåäëèâî â ïðîñòðàíñòâå
◦
H1 (Ω), ïîëó÷èì

‖f‖2
I ≥

∫
Ω

(|∇f |2 + |∇f |2) dx ≥
∫
Ω

(1
cf

2 + |∇f |2) dx ≥

min{1/c, 1}
∫
Ω

(f 2 + |∇f |2) dx = min{1/c, 1}‖f‖2,

òàêèì îáðàçîì, c1 = (min{1/c, 1})1/2.
Ðàññìîòðèì âòîðîå íåðàâåíñòâî, ó÷èòûâàÿ, ÷òî

| sin |x|| ≤ 1,

‖f‖2
I =

∫
Ω

[| sinx|f 2 + 2|∇f |2] dx ≤ 2

∫
Ω

[f 2 + |∇f |2] dx = 2‖f‖2,

òàêèì îáðàçîì, c2 =
√

2.
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Çàäà÷è è óïðàæíåíèÿ

10.1. Óñòàíîâèòü, ÷òî ñìåøàííàÿ î.ï. íå çàâèñèò îò ïîðÿäêà äèôôåðåí-
öèðîâàíèÿ.
10.2. Ïîêàçàòü, ÷òî èç ñóùåñòâîâàíèÿ î.ï. Dαf íå ñëåäóåò, âîîáùå ãîâî-
ðÿ, ñóùåñòâîâàíèÿ î.ï. Dα′f ïðè α′i ≤ αi, i = 1, ...,m, |α′| < |α|.

Óêàçàíèå. Ðàññìîòðåòü ôóíêöèþ f(x1, x2) = f1(x1) + f2(x2), ãäå fi
íå èìåþò îáîáùåííîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà ïî xi.
10.3. Ïîêàçàòü, ÷òî åñëè â îáëàñòè Ω ôóíêöèÿ f(x) èìååò î.ï. Dαf , òî è
â ëþáîé ïîäîáëàñòè Ω′ ⊂ Ω ôóíêöèÿ f(x) èìååò íà Ω′ î.ï. fα è fα = Dαf
íà Ω′.
10.4. Ïóñòü â îáëàñòè Ω1 çàäàíà ôóíêöèÿ f1(x), èìåþùàÿ î.ï. Dαf1, à
â îáëàñòè Ω2 � ôóíêöèÿ f2(x), èìåþùàÿ î.ï. Dαf2. Äîêàçàòü, ÷òî åñëè
Ω1 ∪ Ω2 � îáëàñòü, è äëÿ x ∈ Ω1 ∩ Ω2, f1(x) = f2(x), òî ôóíêöèÿ

f(x) =

{
f1(x), x ∈ Ω1,

f2(x), x ∈ Ω2,

èìååò î.ï. Dαf â Ω1 ∪ Ω2, ðàâíóþ Dαf1 â Ω1 è Dαf2 â Ω2.
10.5. Ïóñòü â øàðå |x| < 1 çàäàíà ôóíêöèÿ

f(x1, x2) =

{
1, åñëè |x| < 1, x2 > 0,
−1, åñëè |x| < 1, x2 < 0.

Äîêàçàòü, ÷òî f(x1, x2) èìååò î.ï. ïåðâîãî ïîðÿäêà â êàæäîì èç ïîëó-
êðóãîâ, íî íå èìååò î.ï. ïî x2 â êðóãå |x| < 1.
10.6. Âû÷èñëèòü ïðîèçâîäíûå ïåðâîãî è âòîðîãî ïîðÿäêîâ ñëåäóþùèõ
ôóíêöèé 1) y = |x| sinx; 2) y = |x| cosx â îáëàñòè |x| ≤ α, α ∈ R.

Äîêàçàòü óòâåðæäåíèÿ:

10.7. Åñëè â îáëàñòè Ω ó ôóíêöèè f(x) ñóùåñòâóåò î.ï. Dαf = ω(x), à ó
ôóíêöèè ω(x) ñóùåñòâóåò î.ï. Dβω, òî ñóùåñòâóåò î.ï. Dα+βf .
10.8. à) y = signx 6∈ H1(−1, 1), á) y = |x| ∈ H1(−1, 1), y = |x| 6∈
H2(−1, 1).

10.9. Åñëè f ∈ H1(Ω) è g ∈
◦
H1 (Ω), òî äëÿ âñåõ i = 1, 2, . . . ,m, ñïðà-

âåäëèâà ôîðìóëà
∫
Ω
fgxi dx = −

∫
Ω
gfxi dx (ôîðìóëà èíòåãðèðîâàíèÿ ïî

÷àñòÿì).
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10.10. Åñëè f ∈ H1(Ω) è g ∈ H1(Ω), òî äëÿ âñåõ i = 1, 2, . . . ,m, ñïðà-
âåäëèâà ôîðìóëà∫

Ω

fgxi dx = −
∫
Ω

gfxi dx+

∫
∂Ω

fg cos(n, xi) ds,

ãäå ïîä çíàêîì èíòåãðàëà ïî ãðàíèöå ∂Ω ñòîÿò ñëåäû ôóíêöèé f è g íà
∂Ω.

10.11. Äëÿ ëþáîé f(x) ∈
◦
H1 (a, b) èìååò ìåñòî íåðàâåíñòâî (îäíîìåðíûé

âàðèàíò íåðàâåíñòâà Ñòåêëîâà (Ïóàíêàðå - Ôðèäðèõñà))

b∫
a

f 2 dx ≤ (b− a)2

b∫
a

f ′
2
dx.

10.12. Äîêàçàòü ñóùåñòâîâàíèå òàêîé ïîñòîÿííîé c > 0, ÷òî äëÿ ëþáîé

f ∈
◦
H1 (Ω) èìååò ìåñòî íåðàâåíñòâî Ñòåêëîâà (Ïóàíêàðå - Ôðèäðèõñà)∫

Ω

f 2 dx ≤ c

∫
Ω

|∇f |2 dx.

10.13. Ïîêàçàòü, ÷òî âûðàæåíèå
∫
Ω

(∇f,∇g) dx çàäàåò ñêàëÿðíîå ïðî-

èçâåäåíèå â
◦
H1 (Ω), ýêâèâàëåíòíîå ñêàëÿðíîìó ïðîèçâåäåíèþ

∫
Ω

[fg +

(∇f,∇g)] dx.
10.14. Ïóñòü p, q ∈ C(Ω), p(x) ≥ p0 > 0, q(x) ≥ 0. Äîêàçàòü, ÷òî

ñêàëÿðíûå ïðîèçâåäåíèÿ â
◦
H1 (Ω)

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx,

(f, g)I =

∫
Ω

[qfg + p(∇f,∇g)] dx

ýêâèâàëåíòíû.
10.15. Ïóñòü âåùåñòâåííûå ôóíêöèè pij, pij(x) = pji(x), i, j = 1, 2, ...,m
è q ïðèíàäëåæàò C(Ω), q(x) ≥ 0 è äëÿ âñåõ x ∈ Ω è âñåõ âåùåñòâåííûõ

âåêòîðîâ ξ = (ξ1, ..., ξm) ∈ Rm èìååò ìåñòî íåðàâåíñòâî
m∑

i,j=1
pij(x)ξiξj ≥
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γ0

m∑
i=1

ξ2
i , ãäå ïîñòîÿííàÿ γ0 > 0. Äîêàçàòü, ÷òî â

◦
H1 (Ω) ìîæíî îïðåäå-

ëèòü ñêàëÿðíîå ïðîèçâåäåíèå

(f, g)I =

∫
Ω

(
m∑

i,j=1

pijfxigxj + qfg

)
dx,

ýêâèâàëåíòíîå ñêàëÿðíîìó ïðîèçâåäåíèþ

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx.

10.16. Ïóñòü p, q ∈ C(Ω), p(x) ≥ p0 > 0, q(x) ≥ q0 > 0. Äîêàçàòü,
÷òî ñêàëÿðíûå ïðîèçâåäåíèÿ â H1(Ω)

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx,

(f, g)I =

∫
Ω

[qfg + p(∇f,∇g)] dx

ýêâèâàëåíòíû.
10.17. Ïóñòü p, q ∈ C(Ω), p(x) ≥ p0 > 0, q(x) ≥ 0 è q(x) 6≡ 0 â Ω.
Äîêàçàòü, ÷òî ñêàëÿðíûå ïðîèçâåäåíèÿ â H1(Ω)

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx,

(f, g)I =

∫
Ω

[qfg + p(∇f,∇g)] dx

ýêâèâàëåíòíû.
10.18. Äîêàçàòü, ÷òî åñëè σ(x) ∈ C(∂Ω) è σ(x) > 0, òî âûðàæåíèå

(f, g)I =

∫
Ω

(∇f,∇g) dx+

∫
∂Ω

σfg ds

çàäàåò ñêàëÿðíîå ïðîèçâåäåíèå, ïðè÷åì îíî áóäåò ýêâèâàëåíòíûì ñêà-
ëÿðíîìó ïðîèçâåäåíèþ

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx.
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10.19. Ïóñòü p, q ∈ C(Ω), σ(x) ∈ C(∂Ω), p(x) ≥ p0 > 0, q(x) ≥ 0
â Ω, σ(x) ≥ 0 íà ∂Ω èëè q(x) 6≡ 0, èëè σ(x) 6≡ 0 . Òîãäà ñêàëÿðíûå
ïðîèçâåäåíèÿ â H1(Ω)

(f, g) =

∫
Ω

[fg + (∇f,∇g)] dx,

(f, g)I =

∫
Ω

[qfg + p(∇f,∇g)] dx+

∫
∂Ω

σfg ds

ýêâèâàëåíòíû.

11. Îáîáùåííûå ðåøåíèÿ óðàâíåíèé ýëëèïòè÷åñêî-
ãî òèïà

Ïóñòü Ω ⊂ Em � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé
∂Ω.

Â îáëàñòè Ω çàäàíî óðàâíåíèå

−div(p(x)∇u(x)) + q(x)u = f(x), (11.1)

à íà ãðàíèöå îáëàñòè ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà

u(x)|∂Ω = ϕ(x), (11.2)

èëè òðåòüåãî ðîäà (
∂u(x)

∂n
+ σ(x)u

)∣∣∣∣
∂Ω

= ϕ(x). (11.3)

Áóäåì ñ÷èòàòü, ÷òî p(x) ∈ C1(Ω), p(x) ≥ p0 > 0, q(x) ∈ C(Ω), f(x) ∈
L2(Ω), σ(x) ∈ L2(∂Ω). Â ñëó÷àå ïåðâîé êðàåâîé çàäà÷è ñ÷èòàåì, ÷òî ϕ(x)
ÿâëÿåòñÿ ñëåäîì íà ∂Ω íåêîòîðîé ôóíêöèè èç H1(Ω).
Îïðåäåëåíèå 11.1. Ôóíêöèÿ u(x) ∈ H1(Ω) íàçûâàåòñÿ îáîáùåííûì

ðåøåíèåì ïåðâîé êðàåâîé çàäà÷è (11.1),(11.2), åñëè åå ñëåä íà ∂Ω ðàâåí

ϕ(x) è îíà óäîâëåòâîðÿåò ïðè âñåõ v ∈
◦
H1 (Ω) èíòåãðàëüíîìó òîæäåñòâó∫

Ω

(p(x)(∇u,∇ v) + quv) dx =

∫
Ω

fv dx.
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Îïðåäåëåíèå 11.2. Ôóíêöèÿ u(x) ∈ H1(Ω) íàçûâàåòñÿ îáîáùåííûì
ðåøåíèåì òðåòüåé êðàåâîé çàäà÷è (11.1),(11.3), åñëè ïðè âñåõ v ∈ H1(Ω)
îíà óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫

Ω

(p(x)(∇u,∇ v) + quv) dx+

∫
∂Ω

p(x)σuv dS =

∫
Ω

fv dx+

∫
∂Ω

p(x)ϕv dS. (11.4)

Çàìå÷àíèå. Ïðè σ ≡ 0 çàäà÷à (11.1),(11.3) ÿâëÿåòñÿ âòîðîé êðàåâîé
çàäà÷åé è ôîðìóëà (11.4) îïðåäåëÿåò åå îáîáùåííîå ðåøåíèå.

Ïðèìåð 11.1. Ïóñòü â îáëàñòè Ω çàäàíî óðàâíåíèå

−div(p(x)∇u(x)) + q(x)u = f(x), (11.5)

à íà ãðàíèöå îáëàñòè óñëîâèå

u(x)|∂Ω = ϕ(x). (11.6)

Äîêàçàòü, ÷òî åñëè p(x) ∈ C1(Ω), p(x) ≥ p0 > 0, q(x) ∈ C(Ω), f(x) ∈
L2(Ω), ϕ(x) ∈ C(∂Ω), òî êëàññè÷åñêîå ðåøåíèå u(x) ∈ C2(Ω) ∪ C1(Ω)
çàäà÷è (11.5), (11.6) ÿâëÿåòñÿ å¸ îáîáùåííûì ðåøåíèåì.

Ðåøåíèå. Òàê êàê êëàññè÷åñêîå ðåøåíèå u(x) óðàâíåíèÿ (11.5) �
ôóíêöèÿ íåïðåðûâíàÿ â Ω, å¸ ñëåä íà ãðàíèöå îáëàñòè Ω ñîâïàäàåò ñ
å¸ çíà÷åíèåì. Ïîýòîìó êðàåâîå óñëîâèå (11.6) áóäåò âåðíî è â ñìûñëå
ñëåäà.

Óìíîæèì óðàâíåíèå (11.5) íà ïðîèçâîëüíóþ ôóíêöèþ

v ∈
◦
H1 (Ω) è ïðîèíòåãðèðóåì ïî îáëàñòè Ω

−
∫
Ω

div(p∇u)v dx+

∫
Ω

quv dx =

∫
Ω

fv dx. (11.7)

Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå ëåâîé ÷àñòè òîæäåñòâà

−
∫
Ω

m∑
i=1

∂

∂xi
(p
∂u

∂xi
)v dx = −

m∑
i=1

∫
Ω

∂

∂xi
(p
∂u

∂xi
)v dx.

67



Â ïîñëåäíåì âûðàæåíèè ïðèìåíèì ê êàæäîìó ñëàãàåìîìó ôîðìóëó èí-
òåãðèðîâàíèÿ ïî ÷àñòÿì (ñì. çàäà÷ó 10.10). Ïîëó÷èì, ÷òî

−
m∑
i=1

∫
Ω

∂

∂xi
(p
∂u

∂xi
)v dx =

−
∫
∂Ω

pv
m∑
i=1

∂u

∂xi
cos(n, xi) ds+

∫
Ω

p
m∑
i=1

∂u

∂xi

∂v

∂xi
dx =

−
∫
∂Ω

pv
∂u

∂n
ds+

∫
Ω

p(∇u,∇v) dx,

òàê êàê v ∈
◦
H

1
(Ω), òî ñëåä v|∂Ω = 0 è ïåðâûé èíòåãðàë â ýòîì âûðàæåíèè

ðàâåí 0.
Çäåñü cos(n, xi), i = 1, 2, . . . , � íàïðàâëÿþùèå êîñèíóñû åäèíè÷íîé

âíåøíåé íîðìàëè n ê ãðàíèöå îáëàñòè Ω.
Ñîãëàñíî ïîñëåäíåìó ðàâåíñòâó ïåðâîå ñëàãàåìîå â ëå-

âîé ÷àñòè òîæäåñòâà (11.7) ìîæíî çàìåíèòü íà âûðàæåíèå∫
Ω
p(∇u,∇v) dx. Ïîñëå çàìåíû ïîëó÷èì, ÷òî äëÿ ∀v ∈

◦
H1 (Ω) èìååò

ìåñòî èíòåãðàëüíîå òîæäåñòâî∫
Ω

p(∇u,∇v) dx+

∫
Ω

quv dx =

∫
Ω

fv dx.

Ïðèìåð 11.2. Ðàññìîòðèì â îáëàñòè Ω çàäà÷ó (11.5), (11.6). Äî-
êàçàòü, ÷òî åñëè p(x) ∈ C1(Ω), p(x) ≥ p0 > 0, q(x) ∈ C(Ω), q(x) > 0,
f(x) ∈ L2(Ω), òî çàäà÷à (11.5), (11.6) èìååò åäèíñòâåííîå îáîáùåííîå

ðåøåíèå u ∈
◦
H1 (Ω).

Ðåøåíèå. Ðàññìîòðèì ãèëüáåðòîâîå ïðîñòðàíñòâî
◦
H1 (Ω) ñî ñêàëÿð-

íûì ïðîèçâåäåíèåì

(u, v)I =

∫
Ω

p(∇u,∇v) dx+

∫
Ω

quv dx,
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êîòîðîå ýêâèâàëåíòíî èñõîäíîìó ñêàëÿðíîìó ïðîèçâåäåíèþ â
◦
H1 (Ω)

(u, v) =

∫
Ω

(∇u,∇v) dx+

∫
Ω

uv dx.

Îáîçíà÷èì çà ‖ · ‖I íîðìó, ïîðîæäåííóþ ñêàëÿðíûì ïðîèçâåäåíèåì
(·, ·)I , çà ‖ · ‖ íîðìó, ïîðîæäåííóþ ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·). Äàí-
íûå íîðìû ýêâèâàëåíòíû (ñì. óïðàæíåíèå 10.14).

Äëÿ ôóíêöèè f(x) îïðåäåëèì ôóíêöèîíàë

F (v) =

∫
Ω

fv dx ∀v ∈
◦
H1 (Ω).

Çàäàííûé ôóíêöèîíàë ëèíååí.
Ïîêàæåì, ÷òî äàííûé ôóíêöèîíàë îãðàíè÷åí.

|F (v)| ≤
∫
Ω
|fg| dx ≤ (íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî)

≤
(∫

Ω
f 2 dx

)1/2(∫
Ω
v2 dx

)1/2

= ‖f‖L2(Ω)‖v‖L2(Ω) ≤

‖f‖L2(Ω)‖v‖ ◦
H1(Ω)

≤ â ñèëó ýêâèâàëåíòíîñòè íîðì â
◦
H1 (Ω) ≤

≤ C‖f‖L2(Ω)‖v‖I = C̃‖v‖I .
Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî F îãðàíè÷åí. Òîãäà ñîãëàñíî
òåîðåìå Ðèññà [3] î ïðåäñòàâëåíèè ëèíåéíîãî îãðàíè÷åííîãî ôóíêöè-
îíàëà â ãèëüáåðòîâîì ïðîñòðàíñòâå ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò

u ∈
◦
H1 (Ω) òàêîé, ÷òî ëèíåéíûé îãðàíè÷åííûé ôóíêöèîíàë F (v) ìî-

æåò áûòü ïðåäñòàâëåí â âèäå F (v) = (u, v)I . Ïîñëåäíåå îçíà÷àåò, ÷òî
ôóíêöèÿ u(x) óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫

Ω

p(∇u,∇v) dx+

∫
Ω

quv dx =

∫
Ω

fv dx

äëÿ ëþáîé ôóíêöèè v ∈
◦
H1 (Ω), ò.å. ôóíêöèÿ u ÿâëÿåòñÿ îáîáùåííûì

ðåøåíèåì çàäà÷è (11.5), (11.6).

Ïðèìåð 11.3. Äîêàçàòü, ÷òî äëÿ âñåõ ôóíêöèé v ∈ C2[0, 1] âåðíî

íåðàâåíñòâî
1∫

0
(v′2 + 2xv) dx + v2(0) + v2(1) ≥ − 41

270. Èìååò ëè ìåñòî

çíàê ðàâåíñòâà äëÿ êàêîé-ëèáî ôóíêöèè?
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Ðåøåíèå. Ðàññìîòðèì âûðàæåíèå
1∫

0
(v′2 + 2xv) dx + v2(0) + v2(1) =

1∫
0
v′2 dx + v2(0) + v2(1) + 2

1∫
0
xv dx = (‖v‖∗H1(0,1))

2 + 2(x, v)L2(0,1) = Φ(v).

Çäåñü ‖v‖∗H1(0,1) =
( 1∫

0
v′2 dx+v2(0) +v2(1)

)1/2
. Èçâåñòíî, ÷òî ñóùåñòâóåò

ôóíêöèÿ v0 ∈ C1(0, 1), ðåàëèçóþùàÿ ìèíèìóì ôóíêöèîíàëà Φ(v) [20].
Ðàññìîòðèì ôóíêöèþ F (t) = Φ(v0 + tw), ãäå v0 - ôóíêöèÿ, íà êîòîðîé
ôóíêöèîíàë Φ(v) ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå, w(x) - ïðîèçâîëü-
íàÿ ôóíêöèÿ èç H1(0, 1), t - ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, òîãäà
î÷åâèäíî, ÷òî F (0) = Φ(v0), à òàê êàê Φ(v) ≥ Φ(v0), òî F ′(0) = 0. Òî
åñòü

F ′(t) =
1∫

0

(v′0 + tw′)2 dx+ (v(0) + tw(0))2 + (v(1) + tw(1))2 + 2

1∫
0

x(v + tw) dx =

1∫
0

v′20 dx+ v2(0) + v2(1) + 2

1∫
0

xv dx+

2t(

1∫
0

v′0w
′ dx+ v0(0)w(0) + v0(1)w(1) +

1∫
0

xw dx)+

t2(

1∫
0

w′2 dx+ w2(0) + w2(1))

è F ′(0) = 2(
1∫

0
v′0w

′ dx+ v0(0)w(0) + v0(1)w(1) +
1∫

0
xw dx). Îòñþäà èìååì

1∫
0
v′0w

′ dx + v0(0)w(0) + v0(1)w(1) +
1∫

0
xw dx = 0 äëÿ ëþáîé ôóíêöèè

w ∈ H1(0, 1).
Ñ÷èòàÿ, ÷òî v0 ∈ C2([0, 1]), ïðîèíòåãðèðóåì ïî ÷àñòÿì ïåðâûé èíòå-

ãðàë â ýòîé ñóììå, ïîëó÷èì

v′0w|
1
0 −

1∫
0

v′′0w dx+ v0(0)w(0) + v0(1)w(1) +

1∫
0

xw dx = 0.
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Ïîñëå î÷åâèäíûõ ïðåîáðàçîâàíèé èìååì

(v′0(1) + v0(1))w(1) + (−v′0(0) + v0(0))w(0) +

1∫
0

(−v′′0 + x)w dx = 0.

Ðàññìîòðèì w ∈
◦
H1 (0, 1). Ñëåä ôóíêöèè w â ãðàíè÷íûõ òî÷êàõ èí-

òåðâàëà (0, 1) ðàâåí 0 è

1∫
0

(−v′′0 + x)w dx = 0,

òî åñòü
(−v′′0 + x,w)L2(0,1) = 0.

Òàê êàê
◦
H1 (0, 1) âñþäó ïëîòíî â L2(0, 1), òî ïî òåîðåìå îá îðòîãîíàëü-

íîñòè −v′′0 + x = 0, è ìû èìååì ñëåäóþùåå ðàâåíñòâî:

(v′0(1) + v0(1))w(1) + (−v′0(0) + v0(0))w(0) = 0,

ãäå w(0) è w(1) ìîãóò ïðèíèìàòü ïðîèçâîëüíûå çíà÷åíèÿ, íî òîãäà
v′0(1) + v0(1) = 0, −v′0(0) + v0(0) = 0.

Òàêèì îáðàçîì, íàäî íàéòè ðåøåíèå ñëåäóþùåé êðàåâîé çàäà÷è äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

v′′0 − x = 0,

v′0(1) + v0(1) = 0,

−v′0(0) + v0(0) = 0.

Ðåøàÿ åå, ïîëó÷èì, ÷òî v(x) = 1
6x

3 + c1x+ c2. Â ñèëó êðàåâûõ óñëîâèé
íàéäåì

v(x) =
1

6
x3 − 2

9
(x+ 1).

Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà ôóíêöèè v(x):
1∫

0
[(1

2x
2 − 2

9)2 +

1
3x

4− 4
9(x2 +x)] dx+(−2

9)2 +(1
6−

4
9)2 = − 41

270 . Òàêèì îáðàçîì, ìû äîêàçàëè
òðåáóåìîå íåðàâåíñòâî è íàøëè ôóíêöèþ, äëÿ êîòîðîé âåðíî ðàâåíñòâî.
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Çàäà÷è è óïðàæíåíèÿ

11.1. Ïóñòü u(x) � êëàññè÷åñêîå ðåøåíèå çàäà÷è

−∆u = f,

u|∂Ω = ϕ.

Ïîêàçàòü, ÷òî åñëè u ∈ C1(Ω) è f ∈ L2(Ω), òî u(x) ÿâëÿåòñÿ îáîáùåííûì
ðåøåíèåì ýòîé çàäà÷è.
11.2. Ïóñòü u(x) � êëàññè÷åñêîå ðåøåíèå çàäà÷è

−∆u = f,(
∂u(x)

∂n
+ σ(x)u

)∣∣∣∣
∂Ω

= ϕ(x).

Ïîêàçàòü, ÷òî u(x) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ýòîé çàäà÷è.
11.3. Åñëè u(x) � îáîáùåííîå ðåøåíèå çàäà÷è

−∆u = f,

u|∂Ω = ϕ

è u(x) ∈ C2(Ω) ∩ C(Ω), òî u(x) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì ýòîé
çàäà÷è.
11.4. Åñëè u(x) � îáîáùåííîå ðåøåíèå çàäà÷è

−∆u = f,(
∂u(x)

∂n
+ σ(x)u

)∣∣∣∣
∂Ω

= ϕ(x)

è u(x) ∈ C2(Ω) ∩ C1(Ω), òî u(x) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì ýòîé
çàäà÷è.
11.5. Ïóñòü u(x) � êëàññè÷åñêîå ðåøåíèå çàäà÷è

−div(p(x)∇u(x)) + q(x)u = f(x),

u(x)|∂Ω = ϕ(x),

ïðèíàäëåæàùåå H1(Ω). Ïîêàçàòü, ÷òî u(x) ÿâëÿåòñÿ îáîáùåííûì ðåøå-
íèåì ýòîé çàäà÷è.
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11.6. Ïóñòü çàäàíà ôóíêöèÿ f(x) ∈ L2(Ω). Äîêàçàòü, ÷òî ôóíêöèîíàë

F (v) =

∫
Ω

f(x)v(x) dx

ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íàä H1(Ω) (∂Ω ∈ C1).
11.7. Ïóñòü çàäàíà ôóíêöèÿ u(x) ∈ H1(Ω). Äîêàçàòü, ÷òî ôóíêöèîíàë

F (v) =

∫
∂Ω

u(s)v(s) ds

ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íàä H1(Ω) (∂Ω ∈ C1).
11.8. Ïóñòü çàäàíà ôóíêöèÿ u(x) ∈ H1(Ω). Äîêàçàòü, ÷òî ôóíêöèîíàë

F (v) =

∫
∂Ω

u(s)v(s) ds+

∫
Ω

v(x) dx

ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íàä H1(Ω) (∂Ω ∈ C1).
11.9. Äîêàçàòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ
çàäà÷è

−∆u+ u = f,

∂u

∂n
|∂Ω = 0

â êëàññå ôóíêöèé H1(Ω).
11.10. Ïîëüçóÿñü íåðàâåíñòâîì Ñòåêëîâà, äîêàçàòü ñóùåñòâîâàíèå è
åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è

−∆u = f,

u|∂Ω = 0.

11.11. Ðàññìîòðèì ïðè f ∈ L2(Ω) ôóíêöèîíàë

E(v) =

∫
Ω

|∇v|2 dx− 2

∫
Ω

fv dx

íà ìíîæåñòâå ôóíêöèé v ∈ H1(Ω), äëÿ êîòîðûõ v|∂Ω = ϕ(x), ãäå ôóíê-
öèÿ ϕ(x) ÿâëÿåòñÿ ñëåäîì íà ∂Ω íåêîòîðîé ôóíêöèè èçH1(Ω). Ïîêàçàòü,
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÷òî ôóíêöèÿ u(x), íà êîòîðîé ôóíêöèîíàë E(v) äîñòèãàåò ìèíèìàëüíîãî
çíà÷åíèÿ, åñòü îáîáùåííîå ðåøåíèå çàäà÷è

−∆u = f,

u|∂Ω = ϕ.

11.12. Ðàññìîòðèì ïðè f ∈ L2(Ω), p ∈ C(Ω), q ∈ C(Ω), p(x) ≥ p0 > 0,
q(x) ≥ 0 ôóíêöèîíàë

E1(v) =

∫
Ω

p|∇v|2 dx+

∫
Ω

qv2 dx− 2

∫
Ω

fv dx

íà ìíîæåñòâå ôóíêöèé v ∈ H1(Ω), äëÿ êîòîðûõ v|∂Ω = ϕ(x), ãäå ôóíê-
öèÿ ϕ(x) ÿâëÿåòñÿ ñëåäîì íà ∂Ω íåêîòîðîé ôóíêöèè èçH1(Ω). Ïîêàçàòü,
÷òî ôóíêöèÿ u(x), íà êîòîðîé ôóíêöèîíàë E1(v) äîñòèãàåò ìèíèìàëü-
íîãî çíà÷åíèÿ, åñòü îáîáùåííîå ðåøåíèå çàäà÷è

−div(p(x)∇u(x)) + q(x)u = f(x),

u|∂Ω = ϕ.

11.13. Ðàññìîòðèì ïðè f ∈ L2(Ω), ϕ ∈ L2(∂Ω), σ ∈ C(∂Ω), σ(x) ≥ 0 íà
∂Ω, σ(x) 6≡ 0, ôóíêöèîíàë

Ẽ1(v) =

∫
Ω

|∇v|2 dx+

∫
∂Ω

σv2 dS − 2

∫
Ω

fv dx− 2

∫
∂Ω

ϕv dS

íà ìíîæåñòâå ôóíêöèé v ∈ H1(Ω). Ïîêàçàòü, ÷òî ôóíêöèÿ u(x), íà êî-
òîðîé ôóíêöèîíàë Ẽ1(v) äîñòèãàåò ìèíèìóìà, åñòü îáîáùåííîå ðåøåíèå
çàäà÷è

−∆u = f,(
∂u(x)

∂n
+ σ(x)u

)∣∣∣∣
∂Ω

= ϕ(x).

11.14. Íàéòè ôóíêöèþ v0, ðåàëèçóþùóþ ìèíèìóì ôóíêöèîíàëà
1∫

0
(v′2 +

v2) dx+ 2
1∫

0
v dx â êëàññå

◦
H1 (0, 1).
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11.15. Äîêàçàòü, ÷òî äëÿ âñåõ ôóíêöèé v ∈ C2[0, 1], v(1) = 0 èìååò

ìåñòî íåðàâåíñòâî
1∫

0
v dx ≤ 5

24 + v2(0)
4 + 1

4

1∫
0
v′2 dx. Íàéòè ôóíêöèþ èç

ýòîãî êëàññà, äëÿ êîòîðîé äîñòèãàåòñÿ ðàâåíñòâî.

11.16. Íàéòè inf
v∈

◦
H1(Ω)

{ 1∫
0

(|∇v|2 + 2 sinx1 sinx2v) dx

}
, ãäå Ω = {0 ≤ x1 ≤

π, 0 ≤ x1 ≤ π}.
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ÎÒÂÅÒÛ
1.1. uξξ + uηη + uζζ = 0; ξ = x, η = y − x, ζ = x − 1

2
y + 1

2
z. 1.2. uξξ − uηη +uζζ

+uη = 0; ξ = x
2
, η = x

2
+ y, ζ = −x

2
− y+ z. 1.3. uξξ −uηη + 2uξ = 0; ξ = x+ y, η = y−x,

ζ = y + z. 1.4.uξξ +uηη = 0; ξ = x, η = y − x, ζ = 2x− y + z. 1.5. uξξ − uηη − uζζ = 0;
ξ = x, η = y − x, ζ = 3

2
x − y

2
+ z

2
. 1.6. uξξ+ uηη +uζζ + uττ = 0; ξ = x, η = y − x,

ζ = z + x + y, τ = 2x− 2y + z + t. 1.7. uξξ −uηη+ uζζ + uττ = 0; ξ = x + y, η = y − x,
ζ = z, τ = y+ z+ t. 1.8. uξξ −uηη +uζζ −uττ = 0; ξ = x+ y, η = x− y, ζ = −2y+ z+ t,
τ = z − t. 1.9. uξξ −uηη +uζζ = 0; ξ = x, η = y − x, ζ = 2x − y + z, τ = x + z + t.
1.10.uξξ +uηη = 0; ξ = x, η = y, ζ = −x− y+ z, τ = x− y+ t. 1.11. uξξ +uηη +uζζ = 0;
ξ = x, η = −x + y, ζ = 2x− 2y + z. 1.12. uξξ +uηη −uζζ + 3uξ +3

2
uη − 9

2
uζ = 0; ξ = x,

η = 1
2
(x + y + z), ζ = −1

2
(3x + y − z). 1.13. uξξ −uηη −uζζ + 2uη = 0; ξ = x + y,

η = −x+ y, ζ = −x− y+ z. 1.14. uξξ −uηη + 4u = 0; ξ = y+ z, η = −y− 2z, ζ = x− z.
1.15. uξξ + 2u = 0; ξ = x, η = −2x + y, ζ = −x + z. 1.16. uξξ − 2uξ + 6uζ = 0; ξ = x,
η = −2x+ y, ζ = −3x+ z. 1.17. uξξ + uηη − uζζ = 0; ξ = x, η = −7

2
x− 1

2
z, ζ = 1

2
x+ 2z.

1.18. uξξ − uηη + uζζ = 0; ξ = x, η = −1
2
(x − y), ζ = −x − y + z. 1.19. uξξ − uηη = 0;

ξ = x, η = x+ y, ζ = −3x− 2y+ z. 1.20. uξξ − uηη − uζζ − uττ = 0; ξ = x+ y, η = x− y,
ζ = z − x − y, τ = t − x − y. 2.4. Ãèïåðáîëè÷åñêèé òèï ïðè x > 0: ξ = y + 2

√
x,

η = y − 2
√
x, uξη = 0, ïàðàáîëè÷åñêèé òèï ïðè x = 0: uyy − 1

2
ux = 0, ýëëèïòè÷åñêèé

òèï ïðè x < 0: ξ = y, η =
√
−x, uξξ + uηη = 0. 2.5. Ãèïåðáîëè÷åñêèé òèï ïðè x 6= 0:

ξ = xy, η = x, uξη = 0, ïàðàáîëè÷åñêèé òèï ïðè x = 0: uyy + 1
y
uy = 0, óðàâíåíèå

âûðîæäàåòñÿ ïðè x = y = 0. 2.6. Ãèïåðáîëè÷åñêèé òèï ïðè x 6= 0, y 6= 0: ξ = xy,
η = y

x
, uξη + 1

2η
uξ = 0, ïàðàáîëè÷åñêèé òèï ïðè x = 0 èëè y = 0: uyy + 2

y
uy = 0

èëè uxx = 0, óðàâíåíèå âûðîæäàåòñÿ ïðè x = y = 0. 2.7. Ãèïåðáîëè÷åñêèé òèï
ïðè x 6= 0, y 6= 0: ξ = y

x
, η = yx3, uξη − 1

4η
uη = 0, ïàðàáîëè÷åñêèé òèï ïðè x = 0

èëè y = 0: uyy = 0 èëè uxx = 0, óðàâíåíèå âûðîæäàåòñÿ ïðè x = 0 èëè y = 0. 2.8.
ξ = y − x2, η = y2 + x2, x2(1 + 2y)uξη + (2x2 − y)uη = 0. 2.9. Ïàðàáîëè÷åñêèé òèï

ïðè x 6= 0, y 6= 0: ξ = y2 − x2, η = x, uηη − 2η2

ξ+η2uξ = 0, óðàâíåíèå âûðîæäàåòñÿ ïðè

x = 0, y = 0. 2.10. ξ = arctg(y) + x, η = arctg(y) − x, uξη = 0.2.11. Ïàðàáîëè÷åñêèé
òèï âñþäó: ξ = y sinx, η = y, uηη − ξ

η
uξ = 0, ïðè y = 0: uxx + tgxux = 0, ïðè

tgx = 0: uyy = 0. 2.12. Ãèïåðáîëè÷åñêèé òèï âñþäó: ξ = y2 + ex, η = y2 − ex,

−(ξ2 − η2)uξη + (ξ+3η)
4

uξ − (3ξ+η)
4

uη = 0.2.13. Ýëëèïòè÷åñêèé òèï ïðè x 6= 0, y 6= 0:
ξ = x2, η = y2, uξξ + uηη + 1

2ξ
uξ + 1

2η
uη = 0, ïðè x = 0, y = 0 óðàâíåíèå âûðîæäàåòñÿ.

2.14. Ãèïåðáîëè÷åñêèé òèï âñþäó: ξ = y2+x2, η = y2−x2, 2(ξ2−η2)uξη+ξuξ−ηuη = 0.
2.15. ξ = x + 3y, η = x + y, vξη + 1

2
vη = 0, u = 1 − e−y. 2.16. ξ = x + y, η = 3x + 2y,

vξη = 0, u = 5
4
x2 + xy. 2.17. ξ = x + y, η = y − 3x, vξη = 0, u = 3x2 + y2. 2.18.

ξ = y + 5x, η = y + x, vξη = 0, u = 5
2

sin(x+y
2

) − 3
2

sin(y+5x
6

). 2.19. ξ = y + 2x, η = y,
vηη = 0, u = x + y. 2.20. ξ = y, η = y + 2x, vξη = eξ, u = (1 + 2x − e2x)ey + x2 + xy.
2.21. ξ = x − 2

3
y3, η = x + 2y, vξη = 0, u = x − 1

3
y3 + y. 2.22. ξ = y − x − sinx,

η = y + x − sinx, vξη = 0, u = x + cos(x − y + sinx). 2.23.ξ = x, η = x + ey, vξη = 0,
u = −1

2
x2 + cos(x− 1 + ey)− cosx. 2.24. ξ = 2x− y + cos x, η = 2x+ y− cosx, vξη = 0,

u = exsh(y−cosx
2

) + sinx cos(y−cosx
2

). 2.25. ξ = y − sinx + x, η = y − sinx − x, vξη = 0,
u = cos(y − x − sinx). 2.26. ξ = 2x − y + cosx, η = 2x + y − cosx, 4vξη + vη = 0,

v = f(ξ) + e−ξ/4g(η), u = 2e−(2x−y−cosx)/4 cosx + sin(y−cosx
2

).2.27. ξ = y + x2

2
, η = y,

vηη = 0, u = y2 − x4

4
.2.28. ξ = x + y, η = y, vηη = eη, u = (x − 1)ex+y + ey + 1.2.29.
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ξ = y − x2, η = y − x2 − 2x, vξη = 0, u = 1 + x.2.30. ξ = x3y, η = y
x
, 4ξvξη − vη = 0,

u = y. 2.31. ξ = y sinx, η = y, vηη = 0, u = y(y − 1) sinx. 2.32. ξ = y − cosx + x,
η = y− cosx−x, vξη = 0, u = (y− cosx+x)2− (y− cosx)2−x. 2.33. ξ = y+ cosx+ 2x,

η = y + cosx − 2x, vξη = 0, u = (y+cosx+2x)2

4
. 2.34. ξ = lny − ctgx, η = y,

vηη + 1
η
vη = 0, v = f(ξ)lnη + g(ξ), u = ctgx − lny. 3.1. Tuxx + f(x) = 0, 0 < x < l,

u|x=0 = u|x=l = 0, ãäå f(x) - ïëîòíîñòü íàãðóçêè. 3.2. utt = a2uxx, 0 < x < l,

t > 0, u(t, 0) = ϕ(t), ux(t, l) = Φ(t)
ES

, t > 0, u(0, x) = 0, ut(0, x) = 0, 0 ≤ x ≤ l,
a2 = E

ρ
. 3.3. utt = a2uxx − 2ν2ut, 0 < x < l, t > 0, u(0, x) = ϕ(x), ut(0, x) = ψ(x),

0 ≤ x ≤ l, t > 0, u(t, 0) = u(t, l) = 0, t > 0, ãäå 2ν2 = k/ρ, k - êîýôôèöèåíò
òðåíèÿ. 3.4. utt = a2uxx, x 6= xi, i = 1, ...,m, 0 < x < l, t > 0, u(t, 0) = u(t, l) = 0,
u(t, xi − 0) = u(t, xi + 0), ux(t, xi + 0) − u(t, xi − 0) = mi

T
utt(t, xi), t > 0, i = 1, ...,m,

u(0, x) = f(x), ut(0, x) = F (x), 0 ≤ x ≤ l. 3.5. ∂2u
∂t2

= g ∂
∂x

(
x∂u
∂x

)
, 0 < x < l, t > 0,

|u(t, 0)| < ∞, u(t, l) = 0, t > 0, u(0, x) = f(x), ut(0, x) = F (x), 0 ≤ x ≤ l. 3.8.

utt + kut = a2∆u + f(t,r,ϕ)
ρ

, 0 ≤ r < R, 0 ≤ ϕ < 2π, t > 0, u|t=0 = ut|t=0 = 0,

|u(t, 0, ϕ)| < ∞, u(t, R, ϕ) = 0, ãäå a2 = T/ρ, k = α/ρ, α - êîýôôèöèåíò óïðóãîãî
ñîïðîòèâëåíèÿ ñðåäû. 3.9. ut = a2uxx, 0 < x < l, t > 0, u(0, x) = f(x), 0 ≤ x ≤ l,
êðàåâûå óñëîâèÿ: à) u|x=0 = ϕ1(t), u|x=l = ϕ2(t), t > 0, á) −kSux|x=0 = q1(t),
kSux|x=l = q2(t), t > 0, â) ux|x=0 = h[u(t, 0)−ϕ1(t)], ux|x=l = −h[u(t, l)−ϕ2(t)], a2 = k

cρ

� òåïëîåìêîñòü, ϕ1(t), ϕ2(t) � â ñëó÷àå à) � òåìïåðàòóðà êîíöîâ ñòåðæíÿ, â ñëó÷àå
â) � òåìïåðàòóðà îêðóæàþùåãî ïðîñòðàíñòâà íà êîíöàõ ñòåðæíÿ, qi � òåïëîâûå
ïîòîêè íà êîíöàõ ñòåðæíÿ. 3.10. ut = a2uxx − αp

cρS
u, 0 < x < l, t > 0, u(0, x) = f(x),

0 ≤ x ≤ l, u|x=0 = u0, (ux + hu)|x=l = 0, t > 0, p � ïåðèìåòð ïîïåðå÷íîãî ñå÷åíèÿ
ñòåðæíÿ, h = α

k
, a2 = k/(cρ). 3.11. ut = a2uxx + q

c
δ(x − v0t), −∞ < x < +∞,

t > 0, u(0, x) = ϕ(x), a2 = k/(cρ). 3.12. ut = a2uxx − b(u − u0), 0 < x < l, t > 0,
u(0, x) = f(x), 0 ≤ x ≤ l, u|x=0 = u|x=l, ux|x=0 = ux|x=l, a

2 = k/(cρ), b = αP
cρS

, ãäå P
� ïåðèìåòð ïîïåðå÷íîãî ñå÷åíèÿ êîëüöà, x = Rθ, θ � óãëîâàÿ êîîðäèíàòà. 3.13.
ut = a2(urr + 2

r
ur) + Q

cρ
, 0 ≤ r < R, t > 0, u(0, r) = f(r), 0 ≤ r ≤ R, |u(t, 0)| < ∞;

ãðàíè÷íûå óñëîâèÿ: a) u(t, R) = 0, á) (ur + Hu)|r=R = 0, H = α/k, a2 = k/(cρ). 4.1.

l
2πa

sin 2πat
l

sin 2πx
l
. 4.2.

∞∑
k=1

(ak cos akπt
l

+ +bk sin akπt
l

)× sin kπx
l
, ak = 2

l

l∫
0

ϕ(x) sin kπx
l
dx, bk

= 2
aπk

l∫
0

ψ(x) sin kπx
l
dx. 4.3. 2l

aπ
sin aπt

2l
× sin πx

2l
+ cos 5aπt

2l
· sin 5πx

2l
. 4.4. 2l

aπ
sin aπt

2l
sin πx

2l
+

+ 2l
3aπ

sin 3aπt
2l

sin 3πx
2l

+ 8l
π2

∞∑
k=0

(−1)k

(2k+1)2
· cos 2k+1

2l
aπt · sin 2k+1

2l
πx. 4.5. cos aπt

2l
cos πx

2l

+ 2l
3aπ

sin 3aπt
2l
· cos 3πx

2l
+ 2l

5aπ
· sin 5aπt

2l
· cos 5πx

2l
. 4.6. t + l

2
− 4l

π2 ·
∞∑
k=0

1
(2k+1)2

cos (2k+1)
l

aπt

cos (2k+1)
l

πx. 4.7. A

1+(aπl )
2 (e−t − cos aπt

l
+ l
aπ

sin aπt
l

) sin πx
l
. 4.8. A

1+(aπ2l )
2 (e−t − cos aπt

2l

+ 2l
aπ

sin aπt
2l

) cos πx
2l
. 4.9.

b
a2

(
x
l
shl − shx

)
+ 2b
a2π

∞∑
k=1

(−1)k

k
cos kπat

l
· sin kπx

l
− 2bπ

a2 shl·
∞∑
k=1

(−1)kk
k2π2+l2

· · cos kπat
l

sin kπx
l
. 4.10. −8l4t2

π5

∞∑
k=0

sin 2k+1
l
πx

(2k+1)5
+16l6

π7

∞∑
k=0

sin 2k+1
l
πx

(2k+1)7
−16l6

π7 ·
∞∑
k=0

sin 2k+1
l
πx cos 2k+1

l
πt

(2k+1)7
. 4.11.

(
1− x

π

)
t2 +x

π
t3+ sinx cos t + 4

π

∞∑
k=1

1
k3 [(−1)k3t − 1 + cos kt
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− (−1)k

k
3 sin kt] sin kx. 4.12. x + t + cos t

2
sin x

2
− 8
π

∞∑
k=0

(−1)k

(2k+1)2
cos (2k+1)t

2
sin (2k+1)x

2
. 4.13.

xt
l

+
∞∑
k=1

(−1)k2l
(kπ)2

sin kπx
l

sin kπt
l
. 4.14. t+ 1 +x(t3 − t+ 1) +

∞∑
k=1

{
2

(kπ)2

[
6(−1)k+1

(πk)2
− 1] sinπkt

+ (−1)k12t
π3k3

}
· · sinπkx. 4.15. − 8

π3

∞∑
k=0

sin(2k+1)πx
(2k+1)3

cos(
√

(2k + 1)2π2 + 4t). 4.16. −8e−t

π

∞∑
k=0

1
(2k+1)3

· [cos(2k + 1)t+ 1
2k+1

sin(2k + 1)t
]

sin(2k + 1)x. 4.17. 8e−t
∞∑
k=0

1
(2k+1)2

[(−1)k−

2
π(2k+1)

] sin 2k+1
2
t cos 2k+1

2
x. 4.18. t(1 − x) +

∞∑
k=1

e−
t
2

1
(kπ)3

[2 cosλkt+
1
λk

sinλkt

−2] sinπkx, λk =
√

(kπ)2 − 1
4
. 4.19. (2 − x)t+

∞∑
k=1

(
4t

kπλ2
k
−kπ
λ3
k

sinλkt
)

sin kπx
2
,

λk =
√(

kπ
2

)2 − 1. 4.20.
xt
l

+
∞∑
k=1

2(−1)k+1

πkλ2
k

(t− sinλkt
λk

)
sin πkx

l
, λk =

√
(πk/l)2 − 1.

4.21. sin 2x cos 2t +
∞∑
k=1

(−1)k 2
k3 (1 − cos kt) sin kx; 5.1.

2lA
π

∞∑
k=1

(−1)k+1

k
sin kπx

l

exp
(
−a2k2π2

l2
t
)
. 5.2.

8lA
π2 ·

∞∑
k=0

1
(2k+1)2

·exp
[
− (2k+1)2a2π2t

4l2

]
· cos (2k+1)πx

2l
. 5.3. U . 5.4.

exp
[
−
(
a2π2

4l2
+ β

a2

)
t
]

sin πx
2l
. 5.5. qx + (A−q)l

2
−4l(A−q)

π2

∞∑
k=0

1
(2k+1)2

exp
[
− (2k+1)2a2π2

l2
t
]

cos (2k+1)πx
l

. 5.6.
1

β+(aπl )
2 ·
[
1− exp[−(β + a2π2

l2
)t]
]
· sin πx

l
. 5.7.

aA
cos l

a

·e−t sin x
a

+2
l
·

∞∑
k=0

[
T
ωk

+ (−1)ka2A

1−a2ω2
k

]
e−a

2ω2
kt · sinωkx, ωk = (2k+1)π

2l
, ωk 6= 1

a
. 5.8.

8c
π3 ·

∞∑
k=0

1
(2k+1)3

·exp
[
− (2k+1)2π2a2t

l2

]
· sin (2k+1)πx

l
. 5.9.

2Aω
π
·
∞∑
k=1

1
k
e−( kπal )

2
t sin πkx

l
·
t∫

0

eλ
2
kξ cosωξ dξ,

λk = πka
l
. 5.10.

∞∑
k=0

(2k+1)

[
1−e−36(π4 + kπ

2 )
2
t

]
360(k2+k− 3

4
)(π

4
+ kπ

2
)2
· sin

(
π
4

+ kπ
2

)
x. 5.11.

∞∑
k=0

[
2kπ(1−2 cos kπ)

8+k2π2

+16(−8+8 cos kπ−k2π2 cos kπ)
k3π3(8+k2π2)

· e− 3
4

(8+k2π2)t
]

sin kπx
2
. 5.12. t cosx + 1

8
(e−8t − 1) cos 3x. 5.13.

xt+ sin πxex−t−π
2t. 5.14. x+ t sinx+ 1

8
(1− e−8t) sin 3x. 5.15. tx2 + 1

4
(e4t − 1) + t cos 2x.

5.16. t+ 1 + (1− e−t)ex sinx+ ex−4t sin 2x. 5.17. xt2 + et+ sin t− cos t+ e−3t cos 2x. 5.18.
x2 + 2e9t + (2t − sin 2t) cos 3x. 5.19. x + t2 + 1

5
(e5t − 1) cosx + 1

3
(1 − e−3t) cos 3x. 5.20.

x2t + x +
∞∑
k=1

C2k−1

(2k−1)2−6
(1 − e−6(2k − 1)2t) sin(2k − 1)x, C2k−1 = 2

π

(
1

2k+1
− 1

2k−3

)
.

6.6. u = (x + 2t)2. 6.7. u = x2 + xt + 4t2 + 1
6
xt3. 6.8. u = sinx. 6.9.

u = xt + sin(x + t) − (1 − cht)ex. 6.10. u = 1 + t + 1
9
(1 − cos 3t) sinx. 6.11.

u = 1
a2ω2 (1 − cos aωt) sinωx. 6.12. u = t

ω
− 1

ω2 sinωt. 6.13. u = x + ty + t2.
6.14. u = xyt(1 + t2) + x2 − y2. 6.15. u = 1

2
t2(x3 − 3xy2) + ex cos y + tey sinx.

6.16. u = x2 + t2 + t sin y. 6.17. u = 2x2 − y2 + (2x2 + y2)t + 2t2 + 2t3. 6.18.
u = x2 + ty2 + 1

2
t2(6 + x3 + y3) + t3 + 3

4
t4(x+ y). 6.19. u = e3x+4y

[
26
25
ch5t− 1

25
+ 1

5
sh5t

]
.

6.20. u = (x2 − y2)(et − 1 − t). 6.21. u = yt2 + 1
3
xt3 + xy2t + x2y. 6.22.

u = x2 + y2 − 2z2 + t + t2xyz. 6.23. u = y2 + tz2 + 8t2 + 8
3
t3 + 1

12
t4x2 + 2

45
t6. 6.24.

u = x2y2z2+tzxy+3t2(x2+y2+z2+x2y2+x2z2+y2z2) + 3t4(3/2+x2+y2+z2)+9/5t6. 6.25.

u = ex+y cos (z
√

2) + te3y+4z sin 5x+ t3ex
√

2 sin y cos z. 6.26. u = x2 + y2 + z2 + 3t2 + xyt.
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7.4. u = 1 + et + 1
2
t2. 7.5. u = t3 + e−t sinx. 7.6. u = (1 + t)e−t cosx. 7.7. u = cht sinx.

7.8. u = 1 − cos t + (1 + 4t)−
1
2 exp

(
− x2

1+4t

)
. 7.9. u = (1 + t)−

1
2 exp

(
2x−x2+t

1+t

)
.

7.10. u = x(1 + 4t)−
3
2 exp

(
− x2

1+4t

)
. 7.11. u = (1 + t)−

1
2 sin x

1+t
exp

(
− 4x2+t

4(1+t)

)
. 7.12.

u = et(t−1)+3. 7.13. u = et−1+e−2t cosx cos y. 7.14. u = x2−y2 +sin x sin y(1−e−2t).

7.15. u = sin t + xy
(1+4t)3

exp
(
−x2+y2

1+4t

)
. 7.16. u = sin l1x sin l2yexp(−(l21 + l22)t).

7.17. u = sin l1x cos l2yexp(−(l21 + l22)t). 7.18. u = cos l1x cos l2yexp(−(l21 + l22)t).
7.19. u = sin byexp(ax + (a2 − b2)t), a 6= b;u = sin byeax, a = b. 7.20.

u = 1
4

cosx(e−2t − 1 + 2t) + cosy cos ze−4t. 7.21. u = et − 1 + sin(x − y − z)e−9t.

7.22. u = 1
4

sin 2z + 1√
1+t

cos 2yexp(−t − x2

1+t
). 7.23. u = e−l

2
1t sin l1x1 + e−l

2
mt cos lmxm.

8.7. 0 ≤ u(t, x) ≤ 1
4
. 8.9. max

QT

u(t, x) = 9, min
QT

u(t, x) = 0. 8.11. |u(t, x)| ≤ max{2, 4l3

27
}.

8.12. u(t, x) − w(t, x) ≥ 0. 9.2. à) α < m, á) α < 1. 9.9. à) 1/3, á) 35
108

, â) 1
π

+ 7
24
, ã) 0,

ä) 3/2, å) 1 − 2 ln 2. 10.6. 1. y′ = signx sinx + |x| cosx, y′′ = 2signx cosx − |x| sinx. 2.
y′ = signx cosx− |x| sinx. 11.12. −1 + 2

√
e

e+1
ch
(
x− 1

2

)
. 11.13. −x2 + x+1

2
. 11.14. −π

2

8
.
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